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❜②✲✈❛❧✉❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t ♦♥❧② ✈❛❧✉❡s ❛r❡ s✉❜st✐t✉t❡❞✱ ❜✉t ❝❛❧❧✲❜②✲♥❡❡❞ ✐s ❛❧s♦
❝❧♦s❡ t♦ ❝❛❧❧✲❜②✲♥❛♠❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t ♦♥❧② t❤♦s❡ t❡r♠s t❤❛t ❛r❡ ❜♦✉♥❞ t♦ ♥❡❡❞❡❞
✈❛r✐❛❜❧❡s ❛r❡ ❡✈❛❧✉❛t❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇✐t❤ r❡s♣❡❝t t♦ ❡✈❛❧✉❛t✐♦♥ ♦❢ ♣✉r❡ ❝❧♦s❡❞
t❡r♠s✱ t❤❡ ❝❛❧❧✲❜②✲♥❛♠❡ ❛♥❞ ❝❛❧❧✲❜②✲♥❡❡❞ ❝❛❧❝✉❧✐ ❛r❡ ♥♦t ❞✐st✐♥❣✉✐s❤❛❜❧❡✳ ■♥ ♦r❞❡r
t♦ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡✈❡❧♦♣✐♥❣ ❛ ❝❧❛ss✐❝❛❧ ✈❡rs✐♦♥ ♦❢ ❝❛❧❧✲❜②✲♥❡❡❞✱ ✇❡ ✜rst
st✉❞② ❤♦✇ t♦ ❢♦r♠✉❧❛t❡ ✭♠✐♥✐♠❛❧✮ ❝❛❧❧✲❜②✲♥❡❡❞ ✐♥ t❤❡ s❡q✉❡♥t ❝❛❧❝✉❧✉s s❡tt✐♥❣
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❛❞✈❛♥t❛❣❡ ♦❢ ❛ s❡q✉❡♥t ❝❛❧❝✉❧✉s ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❝❛❧❝✉❧✉s ✐s t❤❛t ✐ts ❡①t❡♥s✐♦♥
t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡ ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ♥❡✇ r✉❧❡s ❜✉t s✐♠♣❧②
t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❡①✐st✐♥❣ ♦♥❡s ❬✼❪✳
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♣✉t❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♣r♦♦❢s ✐♥ s❡q✉❡♥t ❝❛❧❝✉❧✉s✱ ✇❤✐❧❡ ♣r♦✈✐❞✐♥❣ ❛t t❤❡
s❛♠❡ t✐♠❡ ❛ s②♥t❛❝t✐❝ ❞✉❛❧✐t② ❜❡t✇❡❡♥ t❡r♠s✱ ✐✳❡✳✱ ♣r♦❞✉❝❡rs✱ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥✲
t❡①ts✱ ✐✳❡✳✱ ❝♦♥s✉♠❡rs✱ ❛♥❞ ❜❡t✇❡❡♥ t❤❡ ❝❛❧❧✲❜②✲♥❛♠❡ ❛♥❞ ❝❛❧❧✲❜②✲✈❛❧✉❡ r❡❞✉❝t✐♦♥
str❛t❡❣✐❡s✳ ❇② ❣✐✈✐♥❣ ♣r✐♦r✐t② t♦ t❤❡ ♣r♦❞✉❝❡r ♦♥❡ ♦❜t❛✐♥s ❝❛❧❧✲❜②✲✈❛❧✉❡✱ ✇❤❡r❡❛s
❜② ❣✐✈✐♥❣ ♣r✐♦r✐t② t♦ t❤❡ ❝♦♥s✉♠❡r ♦♥❡ ♦❜t❛✐♥s ❝❛❧❧✲❜②✲♥❛♠❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡
♣r❡s❡♥t ❤♦✇ ❝❛❧❧✲❜②✲♥❡❡❞ ✜ts ✐♥ t❤❡ ❞✉❛❧✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥✳ ■♥t✉✐t✐✈❡❧②✱ ❝❛❧❧✲❜②✲
♥❡❡❞ ❝♦rr❡s♣♦♥❞s t♦ ❢♦❝✉s✐♥❣ ♦♥ t❤❡ ❝♦♥s✉♠❡r t♦ t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ♣r♦❞✉❝❡r
✐s ♥❡❡❞❡❞✳ ❚❤❡ ❢♦❝✉s ❣♦❡s t❤❡♥ t♦ t❤❡ ♣r♦❞✉❝❡r t✐❧❧ ❛ ✈❛❧✉❡ ✐s r❡❛❝❤❡❞✳ ❆t t❤❛t
♣♦✐♥t✱ t❤❡ ❢♦❝✉s r❡t✉r♥s t♦ t❤❡ ❝♦♥s✉♠❡r✳ ❲❡ ❝❛❧❧ t❤✐s ❝❛❧❝✉❧✉s ❧❛③② ❝❛❧❧✲❜②✲✈❛❧✉❡✱
✐t ✐s ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ❛♥❞ ✸✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥✢✉❡♥❝❡
❛♥❞ st❛♥❞❛r❞✐③❛t✐♦♥✱ ✇❡ s❤♦✇ ✐ts ❝♦rr❡❝t♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❛❧❧✲❜②✲♥❛♠❡
s❡q✉❡♥t ❝❛❧❝✉❧✉s ❬✶✶❪✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❞❡✈❡❧♦♣ t❤❡ ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥ ♣r❡s❡♥t❛✲
t✐♦♥ ♦❢ ❝❛❧❧✲❜②✲♥❡❡❞✳ ❚❤❡ r❡❞✉❝t✐♦♥ t❤❡♦r② ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♦♥❡ ♦❢ ▼❛r❛✐st ❡t
❛❧✳ ❬✷✻❪ ❛♥❞ ❡①t❡♥❞s t❤❡ ♦♥❡ ♦❢ ❆r✐♦❧❛ ❡t ❛❧✳ ❬✸❪✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ s❡q✉❡♥t ❝❛❧❝✉✲
❧✉s ❤❛s s✉❣❣❡st❡❞ ❛♥ ❛❧t❡r♥❛t✐✈❡ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛♣♣❧②✐♥❣
s♦♠❡ ❛①✐♦♠s ✭✐✳❡✳✱ lift ❛♥❞ assoc✮ ❡❛❣❡r❧② ✐♥st❡❛❞ ♦❢ ❧❛③✐❧②✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ s❤♦✇
t❤❛t t❤❡ ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥ ❛♥❞ s❡q✉❡♥t ❝❛❧❝✉❧✉s ❝❛❧❧✲❜②✲♥❡❡❞ ❛r❡ ✐♥ r❡❞✉❝t✐♦♥
❝♦rr❡s♣♦♥❞❡♥❝❡✳ ■♥ ❙❡❝t✐♦♥ ✻✱ ✇❡ ❡①t❡♥❞ t❤❡ ♠✐♥✐♠❛❧ s❡q✉❡♥t ❝❛❧❝✉❧✉s ❝❛❧❧✲❜②✲
♥❡❡❞ ✇✐t❤ ❝♦♥tr♦❧✱ ✐♥ ❜♦t❤ s❡q✉❡♥t ❝❛❧❝✉❧✉s ❛♥❞ ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥ ❢♦r♠✳ ❚❤❡
❝❛❧❝✉❧✐ st✐❧❧ ❡♥❥♦② ❝♦♥✢✉❡♥❝❡ ❛♥❞ st❛♥❞❛r❞✐③❛t✐♦♥✳ ❚❤❡ s❡q✉❡♥t ❝❛❧❝✉❧✉s ♣r❡s❡♥✲
t❛t✐♦♥ ♦❢ ❝❛❧❧✲❜②✲♥❡❡❞ ♥❛t✉r❛❧❧② ❧❡❛❞s t♦ ❛ ❞✉❛❧ ❝❛❧❧✲❜②✲♥❡❡❞✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s
t♦ ❢♦❝✉s✐♥❣ ♦♥ t❤❡ ♣r♦❞✉❝❡r ❛♥❞ ❣♦✐♥❣ t♦ t❤❡ ❝♦♥s✉♠❡r ♦♥ ❛ ♥❡❡❞ ❜❛s✐s✳ ❲❡ ❝❛❧❧
t❤✐s ❝❛❧❝✉❧✉s ❧❛③② ❝❛❧❧✲❜②✲♥❛♠❡✳ ■♥ ❙❡❝t✐♦♥ ✼✱ ✇❡ s❤♦✇ ❤♦✇ t❤❡ ❞✉❛❧ ❝❛❧❧✲❜②✲♥❡❡❞
✐s ♦❜t❛✐♥❡❞ ❜② ❞✉❛❧✐③✐♥❣ t❤❡ ❧❛③② ❝❛❧❧✲❜②✲✈❛❧✉❡ ❡①t❡♥❞❡❞ ✇✐t❤ t❤❡ s✉❜tr❛❝t✐♦♥
❝♦♥♥❡❝t✐✈❡✳ ❲❡ ❝♦♥❝❧✉❞❡ ❛♥❞ ❞✐s❝✉ss ♦✉r ❢✉t✉r❡ ✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✽✳ ❲❡ st❛rt ♥❡①t
✇✐t❤ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❞✉❛❧✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥✳
✷
✶ ❚❤❡ ❞✉❛❧✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥
❈✉r✐❡♥ ❛♥❞ ❍❡r❜❡❧✐♥ ❬✶✶❪ ♣r♦✈✐❞❡❞ ❝❧❛ss✐❝❛❧ s❡q✉❡♥t ❝❛❧❝✉❧✉s ✇✐t❤ ❛ t❡r♠ ❛s✲
s✐❣♥♠❡♥t✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ λµµ˜ ❝❛❧❝✉❧✉s✳ ■♥ λµµ˜ t❤❡r❡ ❛r❡ t✇♦ ❞✉❛❧ s②♥t❛❝t✐❝
❝❛t❡❣♦r✐❡s✿ t❡r♠s ✇❤✐❝❤ ♣r♦❞✉❝❡ ✈❛❧✉❡s ❛♥❞ ❝♦♥t❡①ts ✇❤✐❝❤ ❝♦♥s✉♠❡ ✈❛❧✉❡s✳ ❚❤❡
✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ ♣r♦❞✉❝❡r v ❛♥❞ ❛ ❝♦♥s✉♠❡r e ✐s r❡♥❞❡r❡❞ ❜② ❛ ❝♦♠♠❛♥❞
✇r✐tt❡♥ ❛s ❁v||e❃✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦✉♥t❡r♣❛rt ♦❢ ❛ s❡q✉❡♥t ❝❛❧❝✉❧✉s
❝✉t✳ ❈♦♥t❡①ts ❝❛♥ ❜❡ s❡❡♥ ❛s ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts✱ t❤❛t ✐s✱ ❝♦♠♠❛♥❞s ✇✐t❤ ❛
❤♦❧❡✱ ✇r✐tt❡♥ ❛s ✱ st❛♥❞✐♥❣ ❢♦r t❤❡ t❡r♠ ✇❤♦s❡ ❝♦♠♣✉t❛t✐♦♥ ✐s t♦ ❜❡ ❞♦♥❡ ♥❡①t✿
❁||e❃✳ ❚❤✉s✱ ❛ ❝♦♠♠❛♥❞ ❁v||e❃ ❝❛♥ ❜❡ s❡❡♥ ❛s ✜❧❧✐♥❣ t❤❡ ❤♦❧❡ ♦❢ t❤❡ ❡✈❛❧✉❛t✐♦♥
❝♦♥t❡①t e ✇✐t❤ v✳ ❉✉❛❧❧②✱ t❡r♠s ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❛s ❝♦♠♠❛♥❞s ✇✐t❤ ❛ ❝♦♥t❡①t
❤♦❧❡✱ st❛♥❞✐♥❣ ❢♦r t❤❡ ❝♦♥t❡①t ✐♥ ✇❤✐❝❤ t❤❡ t❡r♠ s❤❛❧❧ ❜❡ ❝♦♠♣✉t❡❞✳ ❚❤❡ ❞✉❛❧✐t②
♦❢ t❡r♠s ❛♥❞ ❝♦♥t❡①ts ✐s ❛❧s♦ r❡✢❡❝t❡❞ ❛t t❤❡ ✈❛r✐❛❜❧❡ ❧❡✈❡❧✳ ❖♥❡ ❤❛s t✇♦ ❞✐st✐♥❝t
s❡ts ♦❢ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ✉s✉❛❧ t❡r♠ ✈❛r✐❛❜❧❡s ✭x, y, · · ·✮ ❛♥❞ t❤❡ ❝♦♥t❡①t ✈❛r✐❛❜❧❡s
✭α, β, · · ·✮✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛r✐❛❜❧❡s✳ ❚❤❡ s❡t ♦❢ t❡r♠s✱ ✐♥ ❛❞✲
❞✐t✐♦♥ t♦ ✈❛r✐❛❜❧❡s ❛♥❞ ❧❛♠❜❞❛ ❛❜str❛❝t✐♦♥s✱ ❝♦♥t❛✐♥s ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ µα.c✱
✇❤❡r❡ c ✐s ❛ ❝♦♠♠❛♥❞✱ ❛❢t❡r P❛r✐❣♦t✬s λµ✲❝❛❧❝✉❧✉s ❬✸✵❪✳ ❚❤❡ µ ❝♦♥str✉❝t ✐s s✐♠✐✲
❧❛r t♦ ❋❡❧❧❡✐s❡♥✬s C ❝♦♥tr♦❧ ♦♣❡r❛t♦r ❬✶✽✱✶✾✱✶✼❪ ❛♥❞ ♦♥❡ ❝❛♥ ❛♣♣r♦①✐♠❛t✐✈❡❧② r❡❛❞
µα.c ❛s C(λα.c) ✭s❡❡ ❬✹❪ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡s✮✳ ❲❤❡r❡❛s t❤❡
µ ❝♦♥str✉❝t ❛❧❧♦✇s ♦♥❡ t♦ ❣✐✈❡ ❛ ♥❛♠❡ t♦ ❛ ❝♦♥t❡①t✱ s♦ ❛s t♦ ✐♥✈♦❦❡ ✐t ❧❛t❡r✱
t❤❡ ❞✉❛❧ ❝♦♥str✉❝t✱ ♥❛♠❡❞ µ˜✱ ❛❧❧♦✇s ♦♥❡ t♦ ♥❛♠❡ t❡r♠s✳ ❖♥❡ ❝❛♥ r❡❛❞ µ˜x.c ❛s
let x =  in c✳ ●✐✈❡♥ ❛ ❝♦♥t❡①t e✱ v · e ✐s ❛❧s♦ ❛ ❝♦♥t❡①t✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦
❛♥ ❛♣♣❧✐❝❛t✐✈❡ ❝♦♥t❡①t ♦❢ t❤❡ ❢♦r♠ e[v]✳ ❚❤❡ ❣r❛♠♠❛r ♦❢ λµµ˜ ❛♥❞ ✐ts r❡❞✉❝t✐♦♥
t❤❡♦r② ❛r❡ ❣✐✈❡♥ ❜❡❧♦✇✿
c ::= ❁v||e❃ v ::= x | λx.v | µα.c e ::= α | µ˜x.c | v · e
(β) ❁λx.v||v′ · e❃ → ❁v′||µ˜x.❁v||e❃❃
(µ) ❁µα.c||e❃ → c[α← e]
(µ˜) ❁v||µ˜x.c′❃ → c′[x← v]
❚❤❡ r❡❞✉❝t✐♦♥ t❤❡♦r② ❝❛♥ ❜❡ s❡❡♥ ❛s ❝♦♥s✐st✐♥❣ ♦❢ str✉❝t✉r❛❧ r❡❞✉❝t✐♦♥ r✉❧❡s✱ µ
❛♥❞ µ˜✱ ❛s ✇❡❧❧ ❛s ❧♦❣✐❝❛❧ r❡❞✉❝t✐♦♥ r✉❧❡s ✭❤❡r❡✱ ♦♥❧② β✱ t❤❡ r✉❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
✐♠♣❧✐❝❛t✐♦♥✮✳
❚❤❡ ❝❛❧❝✉❧✉s ✐s ♥♦t ❝♦♥✢✉❡♥t ❞✉❡ t♦ ❛ ❝r✐t✐❝❛❧ ♣❛✐r ❜❡t✇❡❡♥ µ ❛♥❞ µ˜✿
❁z||β❃ ←µ ❁µα.❁z||β❃||µ˜x.❁y||β❃❃ →µ˜ ❁y||β❃
❚♦ r❡❣❛✐♥ ❝♦♥✢✉❡♥❝❡ ♦♥❡ ❝❛♥ ✐♠♣♦s❡ ❛ str❛t❡❣② ♦♥ ❤♦✇ t♦ r❡s♦❧✈❡ t❤❡ ❝r✐t✐❝❛❧
♣❛✐r µ/µ˜✳ ❇② ❣✐✈✐♥❣ ♣r✐♦r✐t② t♦ t❤❡ µ˜ r✉❧❡ ♦♥❡ ❝❛♣t✉r❡s ❝❛❧❧✲❜②✲♥❛♠❡✱ ✇❤❡r❡❛s ❜②
❣✐✈✐♥❣ ♣r✐♦r✐t② t♦ t❤❡ µ r✉❧❡ ♦♥❡ ❝❛♣t✉r❡s ❝❛❧❧✲❜②✲✈❛❧✉❡✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ♦♥❡ ❝❛♥
❞❡s❝r✐❜❡ ✈❛r✐♦✉s ✇❛②s t♦ s♣❡❝✐❛❧✐③❡ t❤❡ ♣❛✐r µ/µ˜ ❛s r❡❞✉❝t✐♦♥ r✉❧❡s ♣❛r❛♠❡tr✐③❡❞
❜② s❡ts E ❛♥❞ V✱ ✇❤✐❝❤ ❞❡♥♦t❡ s❡ts ♦❢ ❝♦♥t❡①ts ❛♥❞ t❡r♠s✱ r❡s♣❡❝t✐✈❡❧②✿
(µE) ❁µα.c||e❃ → c[α← e] ✐❢ e ∈ E
(µ˜V) ❁v||µ˜x.c
′❃ → c′[x← v] ✐❢ v ∈ V
❚❤✐s ♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ♣❛r❛♠❡tr✐❝ r✉❧❡s ✐s ✐♥s♣✐r❡❞ ❜② t❤❡ ✇♦r❦ ♦❢ ❘♦♥❝❤✐ ❛♥❞
P❛♦❧✐♥✐ ♦♥ ♣❛r❛♠❡tr✐❝ λ✲❝❛❧❝✉❧✉s ❬✸✸❪✳ ❆ str❛t❡❣② ❝♦rr❡s♣♦♥❞s t♦ s♣❡❝✐❢②✐♥❣ ✇❤✐❝❤
✸
❝♦♥t❡①ts ❛♥❞ t❡r♠s ❝❛♥ ❜❡ ❞✉♣❧✐❝❛t❡❞ ♦r ❡r❛s❡❞✳ ❋♦r ❝❛❧❧✲❜②✲♥❛♠❡✱ V ✐s ✐♥st❛♥t✐✲
❛t❡❞ ❜② Vn ❜❡❧♦✇ ❜✉t t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s Ebasicn ❛♥❞ En ❢♦r ✐♥st❛♥t✐✲
❛t✐♥❣ E ✳
Vn ::= x | λx.v | µα.c E
basic
n ::= α | v · µ˜x.c En ::= α | v · En
■♥ ❜♦t❤ ❝❛s❡s✱ t❤✐s ❝❛♣t✉r❡s t❤❡ ❢❛❝t t❤❛t ✐♥ ❝❛❧❧✲❜②✲♥❛♠❡ ❡✈❡r② t❡r♠ ❝❛♥ ❜❡
s✉❜st✐t✉t❡❞ ❢♦r ❛ t❡r♠ ✈❛r✐❛❜❧❡✱ ✇❤✐❧❡ ♦♥❧② s♣❡❝✐✜❝ ❝♦♥t❡①ts ❝❛♥ ❜❡ s✉❜st✐t✉t❡❞
❢♦r ❛ ❝♦♥t❡①t ✈❛r✐❛❜❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♥t❡①t µ˜x.c ✐s ♥♦t s✉❜st✐t✉t❛❜❧❡✳ ❚❤❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❜❛s✐❝ str❛t❡❣② ❛♥❞ t❤❡ s❡❝♦♥❞ str❛t❡❣② ✐s r❡♠✐♥✐s❝❡♥t ♦❢
t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ P❧♦t❦✐♥✬s ❝❛❧❧✲❜②✲♥❛♠❡ ❝♦♥t✐♥✉❛t✐♦♥✲♣❛ss✐♥❣✲st②❧❡ s❡♠❛♥✲
t✐❝s ❬✸✶❪ ❛♥❞ ▲❛❢♦♥t✲❘❡✉s✲❙tr❡✐❝❤❡r✬s ♦♥❡ ❬✷✺❪✿ t❤❡ ✜rst ♦♥❡ ✐s ♥♦t ❝♦♠♣❛t✐❜❧❡
✇✐t❤ η ❜✉t t❤❡ s❡❝♦♥❞ ✐s✳ ■♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞
str❛t❡❣② ❛♥❞ t❤❡ r❡❞✉❝t✐♦♥ r✉❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ Vn ❛♥❞ En ❛r❡ ❞❡♥♦t❡❞ ❛s µn
❛♥❞ µ˜n✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ r❡❢❡r t♦ En ❛s ❛♥ ❛♣♣❧✐❝❛t✐✈❡ ❝♦♥t❡①t s✐♥❝❡ ✐t ❝♦♥s✐sts
♦❢ ❛ ❧✐st ♦❢ ❛r❣✉♠❡♥ts✳ ❋♦r ❝❛❧❧✲❜②✲✈❛❧✉❡✱ t❤❡ ✐♥st❛♥t✐❛t✐♦♥s ❛r❡ Vv ❛♥❞ Ev✿
Vv ::= x | λx.v Ev ::= α | v · Ev | µ˜x.c
❝❛♣t✉r✐♥❣ t❤❡ ❢❛❝t t❤❛t ♦♥❧② r❡str✐❝t❡❞ t❡r♠s ✭✈❛❧✉❡s✮ ❛r❡ s✉❜st✐t✉t❡❞ ❢♦r ❛ t❡r♠
✈❛r✐❛❜❧❡✱ ✇❤✐❧❡ ❡✈❡r② ❝♦♥t❡①t ❝❛♥ ❜❡ s✉❜st✐t✉t❡❞ ❢♦r ❛ ❝♦♥t❡①t ✈❛r✐❛❜❧❡✳ ❚❤❡
r❡s✉❧t✐♥❣ r❡❞✉❝t✐♦♥ r✉❧❡s ❛r❡ ❞❡♥♦t❡❞ ❛s µv ❛♥❞ µ˜v✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t✐❝❡ ❛❧s♦
t❤❛t ❢✉❧❧ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ λµµ˜ ❝♦rr❡s♣♦♥❞s t♦ ❝❤♦♦s✐♥❣ µv t♦❣❡t❤❡r ✇✐t❤ µ˜n✳ ❆s
❞✐s❝✉ss❡❞ ♥❡①t✱ ❝❛❧❧✲❜②✲♥❡❡❞ λµµ˜✲❝❛❧❝✉❧✉s ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥♦t❤❡r
❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs✳
■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ✐♥st❛♥t✐❛t✐♦♥s ♦❢ t❤❡ str✉❝t✉r❛❧ r✉❧❡s µE ❛♥❞ µ˜V ✱ t❤❡ ❝❛❧❝✉❧✐
❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✇✐❧❧ ❝♦♥t❛✐♥ r✉❧❡s ❢♦r ❡✈❛❧✉❛t✐♥❣ ❝♦♥♥❡❝t✐✈❡s✳
❲❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r ✐♠♣❧✐❝❛t✐♦♥✱ ❡①❝❡♣t ✐♥ ❙❡❝t✐♦♥ ✼ ✇❤❡r❡ s✉❜tr❛❝t✐♦♥ ✇✐❧❧ ❛❧s♦
❜❡ ❛❞❞❡❞✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥st❛♥❝❡s ♦❢ t❤❡ ✉s✉❛❧ ❡①t❡♥s✐♦♥❛❧✐t②
r✉❧❡s ❢♦r µ ❛♥❞ µ˜ ✐♥ λµµ˜✿
(ηVµ ) µα.❁v||α❃ → v v ∈ V ❛♥❞ α ♥♦t ❢r❡❡ ✐♥ v
(ηEµ˜) µ˜x.❁x||e❃ → e e ∈ E ❛♥❞ x ♥♦t ❢r❡❡ ✐♥ e
❲❡ ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❛❧❧✲❜②✲✈❛❧✉❡ ❛♥❞ ❝❛❧❧✲❜②✲♥❛♠❡ ✐♥st❛♥t✐❛t✐♦♥s ❛s
ηvµ/η
v
µ˜ ❛♥❞ η
n
µ/η
n
µ˜ ✱ r❡s♣❡❝t✐✈❡❧②✳
✷ ❈❛❧❧✲❜②✲♥❡❡❞ ❛♥❞ ❞✉❛❧✐t②
❆s ✇❡ ❞✐❞ ❢♦r ❝❛❧❧✲❜②✲♥❛♠❡ ❛♥❞ ❝❛❧❧✲❜②✲✈❛❧✉❡✱ ✇❡ ❤❛✈❡ t♦ s♣❡❝✐❢② t❤❡ ♣❛r❛♠❡tr✐❝
s❡ts ✉s❡❞ ❢♦r ❝❛❧❧✲❜②✲♥❡❡❞✱ t❤❛t ✐s✱ ✇❤✐❝❤ t❡r♠s ❛♥❞ ❝♦♥t❡①ts ❝❛♥ ❜❡ s✉❜st✐t✉t❡❞
❢♦r t❡r♠ ❛♥❞ ❝♦♥t❡①t ✈❛r✐❛❜❧❡s✳ ❙✐♥❝❡ ❝❛❧❧✲❜②✲♥❡❡❞ ❛✈♦✐❞s ❞✉♣❧✐❝❛t✐♦♥ ♦❢ ✇♦r❦✱ ✐t
✐s ♥❛t✉r❛❧ t♦ r❡str✐❝t t❤❡ s❡t V t♦ Vv✱ t❤✉s ❛❧❧♦✇✐♥❣ s✉❜st✐t✉t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞
❧❛♠❜❞❛ ❛❜str❛❝t✐♦♥s ♦♥❧②✳ ■♥ ♦r❞❡r t♦ s♣❡❝✐❢② ✇❤✐❝❤ ❝♦♥t❡①ts ❛r❡ s✉❜st✐t✉t❛❜❧❡✱ ✐t
✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❣♦❛❧ ♦❢ t❤❡ str✉❝t✉r❛❧ r✉❧❡s ✐s t♦ ❜r✐♥❣ t♦ t❤❡ t♦♣
♦❢ ❛ t❡r♠ t❤❡ r❡❞❡① t♦ ❜❡ ♣❡r❢♦♠❡❞ ❬✷❪✳ ❚❤✉s✱ ♦♥❡ s❤♦✉❧❞ ❛❧❧♦✇ t❤❡ r❡❞✉❝t✐♦♥ ♦❢
✹
❁µα.❁I||I · α❃||v · α❃ ✭I st❛♥❞s ❢♦r λx.x✮ t♦ ❁I||I · v · α❃ s✐♥❝❡ t❤❡ ❛♣♣❧✐❝❛t✐✈❡ r❡❞❡①
✭✐✳❡✳✱ t❤❡ ♦♥❡ ✉♥❞❡r❧✐♥❡❞✮ ✐s ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♥t✐♥✉❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t En s❤♦✉❧❞ ❜❡ ♣❛rt ♦❢ E ✳ ❚❤❛t ❤♦✇❡✈❡r ✐s ♥♦t ❡♥♦✉❣❤✳ ❖♥❡ ✇♦✉❧❞ ❛❧s♦
✇❛♥t t♦ r❡❞✉❝❡ ❁µα.❁I||I · α❃||µ˜x.❁x||α❃❃ t♦ ❁I||I · µ˜x.❁x||α❃❃✳ ❚❤✐s ❤♦✇❡✈❡r ❞♦❡s ♥♦t
✐♠♣❧② t❤❛t µ˜x.c s❤♦✉❧❞ ❜❡ ♣❛rt ♦❢ E s✐♥❝❡ t❤❛t ✇♦✉❧❞ ✉♥✈❡✐❧ ❛♥ ✉♥✇❛♥t❡❞ r❡❞❡①✱
s✉❝❤ ❛s ✐♥ ❁µα.❁I||I · α❃||µ˜x.❁z||α❃❃✳ ❚❤❡ ♦♥❧② t✐♠❡ ✇❡ ✇❛♥t t♦ ❛❧❧♦✇ ❛ ❝❤❛♥❣❡ ♦❢
❢♦❝✉s ❢r♦♠ t❤❡ ❝♦♥s✉♠❡r t♦ t❤❡ ♣r♦❞✉❝❡r ✐s ✇❤❡♥ t❤❡ ♣r♦❞✉❝❡r ✐s ♥❡❡❞❡❞✱ ✇❤✐❝❤
♠❡❛♥s t❤❛t t❤❡ ✈❛r✐❛❜❧❡ ❜♦✉♥❞ t♦ t❤❡ ♣r♦❞✉❝❡r ♦❝❝✉rs ✐♥ t❤❡ ❤♦❧❡ ♦❢ ❛ ❝♦♥t❡①t❀
x ✐s ♥❡❡❞❡❞ ✐♥ ❁x||En❃ ❜✉t ✐t ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ ❁x||µ˜y.❁z||y · α❃❃✳ ❚❤✐s ♥♦t✐♦♥ ✇✐❧❧
st✐❧❧ ♥♦t ❝❛♣t✉r❡ ❛ s✐t✉❛t✐♦♥ s✉❝❤ ❛s ❁µα.❁I||I · α❃||µ˜x.❁v1||µ˜y.❁x||En❃❃❃✱ s✐♥❝❡ t❤❡
♥❡❡❞❡❞ ✈❛r✐❛❜❧❡ ✐s ❜✉r✐❡❞ ✉♥❞❡r t❤❡ ❜✐♥❞✐♥❣ ❢♦r y✳ ❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥
♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❝❛❧❧✲❜②✲♥❡❡❞ ♠❡t❛✲❝♦♥t❡①t✱ ✇❤✐❝❤ ✐s s✐♠♣❧② ❛ ❝♦♠♠❛♥❞ ❤♦❧❡
s✉rr♦✉♥❞❡❞ ❜② µ˜✲❜✐♥❞✐♥❣s✿
Cµ˜l ::=  | ❁µα.c||µ˜z.C
µ˜
l ❃
❆ ✈❛r✐❛❜❧❡ x ✐s ♥❡❡❞❡❞ ✐♥ ❛ ❝♦♠♠❛♥❞ c✱ ✐❢ c ✐s ♦❢ t❤❡ ❢♦r♠ Cµ˜l [❁x||En❃]✳
❲❡ ❤❛✈❡ s♦ ❢❛r ❞❡t❡r♠✐♥❡❞ t❤❛t E ❝♦♥t❛✐♥s t❤❡ ❝❛❧❧✲❜②✲♥❛♠❡ ❛♣♣❧✐❝❛t✐✈❡ ❝♦♥✲
t❡①ts ❛♥❞ ❝♦♥t❡①ts ♦❢ t❤❡ ❢♦r♠ µ˜x.Cµ˜l [❁x||En❃]✳ ❚❤✐s ✇♦✉❧❞ ❛❧❧♦✇ t❤❡ r❡❞✉❝t✐♦♥ ♦❢
❁µα.❁I||I · α❃||µ˜f.❁f ||f · α❃❃ t♦ ❁I||I · µ˜f.❁f ||f · α❃❃✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t t❤❡ ❝❛❧❧✲
❜②✲♥❛♠❡ ❛♣♣❧✐❝❛t✐✈❡ ❝♦♥t❡①t ❝♦♥s✐❞❡r❡❞ s♦ ❢❛r ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ µ˜✳ ❚❤✐s ✐s ♥❡❝✲
❡ss❛r② t♦ ❝❛♣t✉r❡ s❤❛r✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❛❜♦✈❡ t❡r♠ ❁I||I · µ˜f.❁f ||f · α❃❃✱
t❤❡ µ˜f ❝❛♣t✉r❡s t❤❡ s❤❛r✐♥❣ ♦❢ II✳ ❲❡ ♥❡❡❞ ❤♦✇❡✈❡r t♦ ❜❡ ❝❛r❡❢✉❧ ❛❜♦✉t ✇❤✐❝❤
µ˜ ✇❡ ❛❧❧♦✇ ✐♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❛♣♣❧✐❝❛t✐✈❡ ❝♦♥t❡①t✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ s❤♦✉❧❞ ❞✐s❛❧❧♦✇
❝♦♥t❡①ts s✉❝❤ ❛s I · µ˜f.❁z||f · α❃ s✐♥❝❡ t❤❡② ♠✐❣❤t ❝❛✉s❡ ✉♥✇❛♥t❡❞ ❝♦♠♣✉t❛t✐♦♥✳
■♥❞❡❡❞✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❞✉❝t✐♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ I t♦ I ✐s ❝♦♠♣✉t❡❞ ✇❤✐❧❡ ✐t
✐s ♥♦t ♥❡❡❞❡❞ t♦ ❞❡r✐✈❡ t❤❡ r❡s✉❧t✿
❁I||I · µ˜f.❁z||f · α❃❃ →β ❁I||µ˜x.❁x||µ˜f.❁z||f · α❃❃❃ →µ˜v ❁I||µ˜f.❁z||f · α❃❃ →µ˜v ❁z||I · α❃.
❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛ ❝♦♥t❡①t µ˜x.c ✐s ❛❧❧♦✇❡❞ ✐♥ ❛♥ ❛♣♣❧✐❝❛t✐✈❡ ❝♦♥t❡①t ♦♥❧② ✐❢ c
❞❡♠❛♥❞s x✳
❲❡ ❛r❡ r❡❛❞② t♦ ✐♥st❛♥t✐❛t❡ t❤❡ str✉❝t✉r❛❧ ❛♥❞ ❡①t❡♥s✐♦♥❛❧ r✉❧❡s❀ V ❛♥❞ E ❛r❡
✐♥st❛♥t✐❛t❡❞ ❛s ❢♦❧❧♦✇s✿
Vv ::= x | λx.v El ::= F | µ˜x.C
µ˜
l [❁x||F ❃] ✇✐t❤ F ::= α | v · El
r❡s✉❧t✐♥❣ ✐♥ r❡❞✉❝t✐♦♥ r✉❧❡s t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❛s µl✱ µ˜v ❛♥❞ ηvµ✳
✸ ▼✐♥✐♠❛❧ ❝❛❧❧✲❜②✲♥❡❡❞ ✐♥ s❡q✉❡♥t ❝❛❧❝✉❧✉s ❢♦r♠ ✭λmlv✮
❆ ❝❧❛ss✐❝❛❧ s❡q✉❡♥t ❝❛❧❝✉❧✉s ♥❛t✉r❛❧❧② ♣r♦✈✐❞❡s ❛ ♥♦t✐♦♥ ♦❢ ❝♦♥tr♦❧✳ ❍♦✇❡✈❡r✱ ♦♥❡
❝❛♥ r❡str✐❝t t❤❡ ❝❛❧❝✉❧✉s t♦ ❜❡ ❝♦♥tr♦❧✲❢r❡❡ ❜② ❧✐♠✐t✐♥❣ t❤❡ s❡t ♦❢ ❝♦♥t✐♥✉❛t✐♦♥
✈❛r✐❛❜❧❡s t♦ ❛ s✐♥❣❧❡ ✈❛r✐❛❜❧❡✱ ❝♦♥✈❡♥t✐♦♥❛❧❧② ✇r✐tt❡♥ ⋆✱ ✇❤✐❝❤ ✐s ❧✐♥❡❛r❧② ✉s❡❞✳
❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡str✐❝t✐♦♥ t♦ ♠✐♥✐♠❛❧ ❧♦❣✐❝ ❬✶❪✳ ❲❡ ✐♥tr♦❞✉❝❡ ♥❡①t t❤❡
❧❛③② ❝❛❧❧✲❜②✲✈❛❧✉❡ ❝❛❧❝✉❧✉s✱ λmlv ✳
✺
❉❡✜♥✐t✐♦♥ ✶✳ ❚❤❡ s②♥t❛① ♦❢ λmlv ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
❝♦♠♠❛♥❞ c ::= ❁v||e❃
t❡r♠ v ::= x | λx.v | µ⋆.c
❝♦♥t❡①t e ::= E | µ˜x.c
②✐❡❧❞✐♥❣ ❝♦♥t❡①t E ::= F | µ˜x.C[❁x||F ❃]
❛♣♣❧✐❝❛t✐✈❡ ❝♦♥t❡①t F ::= ⋆ | v · E
♠❡t❛✲❝♦♥t❡①t C ::=  | ❁µ⋆.c||µ˜z.C❃
❚❤❡ r❡❞✉❝t✐♦♥ ♦❢ λmlv ✱ ✇r✐tt❡♥ ❛s →mlv ✱ ❞❡♥♦t❡s t❤❡ ❝♦♠♣❛t✐❜❧❡ ❝❧♦s✉r❡ ♦❢ β✱
µl✱ µ˜v ❛♥❞ η
v
µ❀ t❤❡ r❡❧❛t✐♦♥ →mlv ❞❡♥♦t❡s t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡
♦❢ →mlv ✇❤✐❧❡ =mlv ❞❡♥♦t❡s ✐ts r❡✢❡①✐✈❡✱ s②♠♠❡tr✐❝ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✳ ❚❤❡
♥♦t✐♦♥ ♦❢ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s✿
c→β c
′
C[c] 7→mlv C[c
′]
c→µl c
′
C[c] 7→mlv C[c
′]
c→µ˜v c
′
C[c] 7→mlv C[c
′]
❚❤❡ ♥♦t❛t✐♦♥ 7→mlv st❛♥❞s ❢♦r t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ 7→mlv ✳
❆ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠ ✭✇❤♥❢✮ ✐s ❛ ❝♦♠♠❛♥❞ c s✉❝❤ t❤❛t ❢♦r ♥♦ c′✱ c 7→mlv c
′✳
◆♦t✐❝❡ ❤♦✇ ✐♥ t❤❡ ❧❛③② ❝❛❧❧✲❜②✲✈❛❧✉❡ ❝❛❧❝✉❧✉s✱ t❤❡ st❛♥❞❛r❞ r❡❞❡① ❞♦❡s ♥♦t
♥❡❝❡ss❛r✐❧② ♦❝❝✉r ❛t t❤❡ t♦♣ ❧❡✈❡❧✳ ■♥ ❁v1||µ˜x1.❁v2||µ˜x2.❁λx.v||s · ⋆❃❃❃✱ t❤❡ st❛♥❞❛r❞
r❡❞❡① ✐s ❜✉r✐❡❞ ✉♥❞❡r t❤❡ ❜✐♥❞✐♥❣s ❢♦r x1 ❛♥❞ x2✱ ✇❤✐❝❤ ✐s ✇❤② t❤❡ st❛♥❞❛r❞
r❡❞✉❝t✐♦♥ r❡❢❡rs t♦ t❤❡ ♠❡t❛✲❝♦♥t❡①t✳ ❚❤✐s ❤♦✇❡✈❡r ❝❛♥ ❜❡ s♦❧✈❡❞ s✐♠♣❧② ❜② ❣♦✐♥❣
t♦ ❛ ❝❛❧❝✉❧✉s ✇✐t❤ ❡①♣❧✐❝✐t s✉❜st✐t✉t✐♦♥s✱ ✇❤✐❝❤ ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ❛♥ ❛❜str❛❝t
♠❛❝❤✐♥❡ ✇❡ ❛r❡ ❝✉rr❡♥t❧② ✐♥✈❡st✐❣❛t✐♥❣✳ ❙♦♠❡ ♠♦r❡ ❞✐s❝✉ss✐♦♥s ♦♥ t❤✐s t♦♣✐❝ ❛r❡
❛✈❛✐❧❛❜❧❡ ✐♥ s❡❝t✐♦♥ ✽✳ ◆♦t❡ t❤❛t ✐♥ ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ ❁λz.v||µ˜x.❁x||µ˜y.❁y||⋆❃❃❃✱
t❤❡ s✉❜st✐t✉t✐♦♥ ❢♦r y ✐s ♥♦t t❤❡ st❛♥❞❛r❞ r❡❞❡①✱ ❛♥❞ ✐♥
❁µ⋆.❁I||I · ⋆❃||µ˜x.❁x||µ˜y.❁y||⋆❃❃❃ ❁µ⋆.❁V ||µ˜y.❁y||⋆❃❃||µ˜x.❁x||⋆❃❃
t❤❡ st❛♥❞❛r❞ r❡❞❡① ✐s t❤❡ ✉♥❞❡r❧✐♥❡❞ ♦♥❡✳ ❚❤❡ ηvµ r✉❧❡ ✐s ♥♦t ♥❡❡❞❡❞ ❢♦r st❛♥❞❛r❞
r❡❞✉❝t✐♦♥✳ ❚❤❡ ηvµ r✉❧❡ t✉r♥s ❛ ❝♦♠♣✉t❛t✐♦♥ ✐♥t♦ ❛ ✈❛❧✉❡✱ ❛❧❧♦✇✐♥❣ ❢♦r ❡①❛♠♣❧❡
t❤❡ r❡❞✉❝t✐♦♥✿ ❁µ⋆.❁V ||⋆❃||µ˜x.❁y||x · ⋆❃❃ → ❁V ||µ˜x.❁y||x · ⋆❃❃ → ❁y||V · ⋆❃✱ ✇❤✐❝❤ ✐s
♥♦t st❛♥❞❛r❞❀ ✐♥ ❢❛❝t✱ t❤❡ st❛rt✐♥❣ t❡r♠ ✐s ❛❧r❡❛❞② ✐♥ ✇❤♥❢✳
Pr♦♣♦s✐t✐♦♥ ✶ ✭❈♦♥✢✉❡♥❝❡✮✳ →mlv ✐s ❝♦♥✢✉❡♥t✳
■♥❞❡❡❞✱ t❤❡ ♦♥❧② ❝r✐t✐❝❛❧ ♣❛✐r ✐♥ λmlv ✐s ❜❡t✇❡❡♥ ηvµ ❛♥❞ µl ❛♥❞ ✐t tr✐✈✐❛❧❧②
❝♦♥✈❡r❣❡s s✐♥❝❡ ❜♦t❤ r✉❧❡s ♣r♦❞✉❝❡ t❤❡ s❛♠❡ r❡s✉❧t✐♥❣ ❝♦♠♠❛♥❞✳
❘❡♠❛r❦ ✶ ■♥ λmlv t❤❡ ❞✉♣❧✐❝❛t❡❞ r❡❞❡①❡s ❛r❡ ❛❧❧ ❞✐s❥♦✐♥t✳ ❚❤✐s ✇❛s ♥♦t t❤❡
s✐t✉❛t✐♦♥ ✐♥ λneed ❬✷✻❪✱ ✇❤❡r❡ t❤❡ assoc r✉❧❡ ❝♦✉❧❞ ❤❛✈❡ ❞✉♣❧✐❝❛t❡❞ ❛ lift r❡❞❡①✳
❚❤✐s ❞♦❡s ♥♦t ❤❛♣♣❡♥ ✐♥ λmlv ❜❡❝❛✉s❡ t❤❡ ❝♦♥t❡①ts ❛r❡ ♠♦✈❡❞ ❛❧❧ ❛t ♦♥❝❡✱ ❛s
❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡ ❜❡❧♦✇✱ ✇❤✐❝❤ ♠✐♠✐❝s t❤❡ s✐t✉❛t✐♦♥ ✐♥ λneed ✳
❁µ⋆❁µ⋆.❁z||µ˜y.❁y||⋆❃❃||µ˜x.❁x||⋆❃❃||N · ⋆❃ →µn ❁µ⋆.❁z||µ˜y.❁y||µ˜x.❁x||⋆❃❃❃||N · ⋆❃
↓µn ↓µn
❁µ⋆.❁z||µ˜y.❁y||⋆❃❃||µ˜x.❁x||N · ⋆❃❃ →µn ❁z||µ˜y.❁y||µ˜x.❁x||N · ⋆❃❃❃
✻
❚❤❡ ♥❡❡❞❡❞ ❝♦♥str❛✐♥t ❜r❡❛❦s t❤❡ ♣r♦♣❡rt② t❤❛t ❝♦♠♠❛♥❞s ✐♥ ✇❡❛❦ ❤❡❛❞
♥♦r♠❛❧ ❢♦r♠ ❛r❡ ♦❢ t❤❡ ❢♦r♠ ❁x||E❃ ♦r ❁λx.v||⋆❃ ✭❛ ♣r♦♣❡rt② t❤❛t ❤♦❧❞s ❢♦r λµµ˜
✐♥ ❝❛❧❧✲❜②✲♥❛♠❡ ♦r ❝❛❧❧✲❜②✲✈❛❧✉❡✮✳
❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t x ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✈❛r✐❛❜❧❡s✳ cx ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❣r❛♠♠❛r✿
cx ::= ❁µ⋆.c||µ˜y.cyx❃ | ❁λx.v||⋆❃ | ❁z||F ❃ z 6∈ x.
◆♦t❡ t❤❛t ✐♥ cx✱ x r❡❝♦r❞s t❤❡ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡ µ˜✲❜♦✉♥❞ t♦ ❛ ❝♦♠♣✉t❛t✐♦♥ ♦♥
t❤❡ ♣❛t❤ ❢r♦♠ t❤❡ t♦♣ ♦❢ t❤❡ t❡r♠ t♦ t❤❡ ❝✉rr❡♥t ♣♦s✐t✐♦♥✳
Pr♦♣♦s✐t✐♦♥ ✷✳ ❆ ❝♦♠♠❛♥❞ c ✐s ✐♥ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠ ✐✛ ✐t ✐s ✐♥ cǫ✱ ✇❤❡r❡
ǫ ❞❡♥♦t❡s t❤❡ ❡♠♣t② s❡q✉❡♥❝❡ ♦❢ ✈❛r✐❛❜❧❡s✳
■♥❞❡❡❞✱ ❛♥② ❝♦♠♠❛♥❞ ✐♥ cǫ ✐s ✐♥ ✇❤♥❢✳ ❈♦♥✈❡rs✐❧②✱ ✐❢ c ✐s ✐♥ ✇❤♥❢✱ t❤❡r❡ ✐s ♥♦
c′ s✉❝❤ t❤❛t c 7→mlv c′ ❜② ❞❡✜♥✐t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t c ♠✉st ❜❡ ❡✐t❤❡r ♦❢ t❤❡
❢♦r♠ C[❁λx.v||⋆❃] ♦r C[❁z||F ❃] ✇✐t❤ z ♥♦t ❜♦✉♥❞ ❜② ❛ µ˜✱ ♦t❤❡r✇✐s❡ s❛✐❞ ✐t ♠✉st
❜❡ ✐♥ cǫ✳
❁x||⋆❃ ✐s ✐♥ ✇❤♥❢✱ ❤♦✇❡✈❡r ✐t ✐s ♥♦t ♦❢ t❤❡ ❢♦r♠ cx s✐♥❝❡ ✐t ❞❡♠❛♥❞s ✈❛r✐❛❜❧❡ x✳
◆❡✐t❤❡r ❁y||µ˜x.c❃ ♥♦r ❁µ⋆.c||µ˜x.❁x||⋆❃❃ ❛r❡ ✐♥ ✇❤♥❢✳ ❆ ✇❤♥❢ ✐s ❡✐t❤❡r ♦❢ t❤❡ ❢♦r♠
C[❁x||F ❃] ♦r C[❁λx.v||⋆❃]✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t st❛♥❞❛r❞ r❡❞❡①❡s ❛r❡ ♠✉t✉❛❧❧②
❡①❝❧✉s✐✈❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❝♦♠♠❛♥❞ c ✇❤✐❝❤ ❤❛❞ ❛ st❛♥❞❛r❞ β r❡❞❡① ❝❛♥♥♦t ❤❛✈❡
❛ µl ♦r µ˜v r❡❞❡①✳ ❍❡♥❝❡✿
Pr♦♣♦s✐t✐♦♥ ✸ ✭❯♥✐q✉❡ ❉❡❝♦♠♣♦s✐t✐♦♥✮✳ ❆ ❝♦♠♠❛♥❞ c ✐s ❡✐t❤❡r ❛ ✇❤♥❢ ♦r
t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♠❡t❛✲❝♦♥t❡①t C ❛♥❞ r❡❞❡① c′ s✉❝❤ t❤❛t c ✐s ♦❢ t❤❡ ❢♦r♠ C[c′]✳
❯s✐♥❣ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s ✭❝♦♠♠✉t❛t✐♦♥ ♦❢ ✐♥♥❡r r❡❞✉❝t✐♦♥s ✇✐t❤ st❛♥❞❛r❞
r❡❞✉❝t✐♦♥✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❛s✐❧② ❝♦♠❡s ❜② ✐♥❞✉❝t✐♦♥✿
Pr♦♣♦s✐t✐♦♥ ✹ ✭❙t❛♥❞❛r❞✐③❛t✐♦♥✮✳ ●✐✈❡♥ ❛ ❝♦♠♠❛♥❞ ❝ ❛♥❞ ❛ ✇❤♥❢ c′✱ ✐❢
c→mlvc
′ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✇❤♥❢ c′′ s✉❝❤ t❤❛t c 7→mlv c
′′ ❛♥❞ c′′→mlvc
′✳
✸✳✶ ❙♦✉♥❞♥❡ss ❛♥❞ ❈♦♠♣❧❡t❡♥❡ss ♦❢ λmlv
❚❤❡ ❝❛❧❧✲❜②✲♥❡❡❞ ❝❛❧❝✉❧✉s ✐♥ ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥ ❢♦r♠ ✐s ♦❜s❡r✈❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t
t♦ ❝❛❧❧✲❜②✲♥❛♠❡✳ ❲❡ s❤♦✇ ♥❡①t t❤❛t t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r ❝❛❧❧✲❜②✲♥❡❡❞ ✐♥ s❡q✉❡♥t
❝❛❧❝✉❧✉s ❢♦r♠✳ ❚♦ t❤❛t ❡♥❞✱ ✇❡ ✜rst r❡✈✐❡✇ ❈✉r✐❡♥ ❛♥❞ ❍❡r❜❡❧✐♥ ❝❛❧❧✲❜②✲♥❛♠❡
s❡q✉❡♥t ❝❛❧❝✉❧✉s✱ ❝❛❧❧❡❞ λµµ˜T ✭❛❢t❡r ❉❛♥♦s ❡t ❛❧✬s ▲❑❚ ❬✶✷✱✶✸❪✮✳ λµµ˜T r❡str✐❝ts
t❤❡ s②♥t❛① ♦❢ ❧❡❣❛❧ ❝♦♥t❡①ts ❝❛♣t✉r✐♥❣ t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❛❧❧✲
❜②✲♥❛♠❡ ❝♦♥t✐♥✉❛t✐♦♥ ♣❛ss✐♥❣ st②❧❡✱ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ❢♦❧❧♦✇s ❛ s♣❡❝✐✜❝ ♣❛tt❡r♥✳
❚❤❡ s②♥t❛① ♦❢ λµµ˜T ❜❡❝♦♠❡s✿
c ::= ❁v||e❃ v ::= Vn e ::= µ˜x.c | En
◆♦t✐❝❡ t❤❛t ✇❤❡r❡❛s v · µ˜x.c ✐s ❛ ❧❡❣❛❧ ❝♦♥t❡①t ✐♥ λµµ˜✱ ✐t ✐s ♥♦t ❧❡❣❛❧ ✐♥ λµµ˜T ✳
❚❤❡ r❡❞✉❝t✐♦♥ t❤❡♦r② ♦❢ λµµ˜T ❝♦♥s✐sts ♦❢ β✱ µn ❛♥❞ µ˜n✳
❚❤❡ λmlv ❝❛❧❝✉❧✉s ✐s s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠✐♥✐♠❛❧ r❡str✐❝✲
t✐♦♥ ♦❢ λµµ˜T ✳ ❲❡ ✜rst ♥❡❡❞ t♦ tr❛♥s❧❛t❡ λmlv t❡r♠s t♦ λµµ˜T t❡r♠s ❜② ❣✐✈✐♥❣ ❛
✼
♥❛♠❡ t♦ t❤❡ µ˜✲t❡r♠ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❧✐♥❡❛r ❝♦♥t❡①t✳ ❚❤❡ tr❛♥s❧❛t✐♦♥✱ ✇r✐tt❡♥ ❛s
(.)◦✱ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✭t❤❡ ✐♥t❡r❡st✐♥❣ ❝❛s❡s ♦❢ t❤❡ tr❛♥s❧❛t✐♦♥ ❛r❡ t❤❡ ❧❛st t✇♦
❝❛s❡s✮✱ ✇✐t❤ n ≥ 0✿
x◦ = x
(λx.v)◦ = λx.v◦
(µ⋆.c)◦ = µ⋆.c◦
(❁v||w1 · . . . wn · ⋆❃)
◦ = ❁v◦||w◦
1
· . . . w◦n · ⋆❃
(❁v||µ˜x.c❃)◦ = ❁v◦||µ˜x.c◦❃
(❁v||w0 · . . . wn · µ˜x.c❃)
◦ = ❁µ⋆.❁v◦||w◦
0
· . . . w◦n · ⋆❃||µ˜x.c
◦❃
✇❡ t❤❡♥ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
▲❡♠♠❛ ✶✳ ■❢ c ✐s ❛ ❝♦♠♠❛♥❞ ✐♥ λmlv ✱ t❤❡♥ c
◦ ✐s ❛ ❝♦♠♠❛♥❞ ✐♥ λµµ˜T ✳
❚❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ❤♦❧❞s s✐♥❝❡ t❤❡ s②♥t❛❝t✐❝❛❧ ❝♦♥str❛✐♥t ♦♥ λµµ˜T ❝♦♠✲
♠❛♥❞s ✐s t❤❛t ❛ ❝♦♥t❡①t ✐s ❡✐t❤❡r ♦❢ t❤❡ ❢♦r♠ µ˜x.c ♦r ✐t ✐s ❛ st❛❝❦ ❛ t❡r♠s ♣✉s❤❡❞
♦♥ t♦♣ ♦❢ ⋆✿ t❤❡ tr❛♥s❧❛t✐♦♥ ♣r❡❝✐s❡❧② ❛❝❤✐❡✈❡s t❤✐s ❣♦❛❧✳
Pr♦♣♦s✐t✐♦♥ ✺✳ ✭✐✮ ●✐✈❡♥ ❛ λmlv t❡r♠ v✱ v =mlv v
◦✳
✭✐✐✮ ●✐✈❡♥ t❡r♠s v ❛♥❞ w ✐♥ λµµ˜T ✱ v ❛♥❞ w ❛r❡ ❛❧s♦ ✐♥ λmlv ❛♥❞ ✇❡ ❤❛✈❡✿
✭❛✮ v =mlv w t❤❡♥ v =λµµ˜T w❀
✭❜✮ v =λµµ˜T ❁λx.w||⋆❃ t❤❡♥ v =mlv C[❁λx.w
′||⋆❃] ❢♦r s♦♠❡ C ❛♥❞ w′✳
■♥❞❡❡❞✱ λmlv t❤❡♦r② r❡str✐❝t❡❞ t♦ t❤❡ ❝❛❧❧✲❜②✲♥❛♠❡ s②♥t❛① ♦❢ λµµ˜T ✐s ✐♥❝❧✉❞❡❞
✐♥ λµµ˜T t❤❡♦r②✳
■♥t❡r♠❡③③♦ ✷ ❙♦✉♥❞♥❡ss ❝❛♥ ❛❧s♦ ❜❡ s❤♦✇♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ λµµ˜ ❝❛❧❝✉❧✉s
✇✐t❤♦✉t t❤❡ ♥❡❡❞ ♦❢ ❞♦✐♥❣ ❛ tr❛♥s❧❛t✐♦♥✱ s✐♥❝❡ t❤❡ λµµ˜ ❝❛❧❝✉❧✉s ❞♦❡s ♥♦t ✐♠♣♦s❡
❛♥② r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❝♦♥t❡①t✳ ❚❤✐s ❤♦✇❡✈❡r r❡q✉✐r❡s ❡①t❡♥❞✐♥❣ t❤❡ µ˜ r✉❧❡ t♦
❁v||v1 · · · vn.µ˜x.c❃ → c[x = µ⋆.❁v||v1 · · · vn.⋆❃]✳ ❚❤❡ r✉❧❡ ✐s s♦✉♥❞ ❢♦r ❝❛❧❧✲❜②✲♥❛♠❡
❡①t❡♥❞❡❞ ✇✐t❤ t❤❡ ❡t❛ r✉❧❡✱ ❝❛❧❧❡❞ ηR→ ✐♥ ❬✷✸❪✱ ❣✐✈❡♥ ❛s y = λx.α.❁y||x.α❃✳ ❲❡
❤❛✈❡✿
❁v||w · µ˜x.c❃ =µ˜ ❁v||µ˜y.❁y||w · µ˜x.c❃❃
=ηR
→
❁v||µ˜y.❁λz.µ⋆.❁y||z · ⋆❃||w · µ˜x.c❃❃
=→ ❁v||µ˜y.❁w||µ˜z.❁µ⋆.❁y||z · ⋆❃||µ˜x.c❃❃❃
= µ˜ ❁v||µ˜y.❁w||µ˜z.c[x = µ⋆.❁y||z · ⋆❃]❃❃
= µ˜ ❁v||µ˜y.c[x = µ⋆.❁y||w · ⋆❃]❃
= µ˜ c[x = µ⋆.❁v||w · ⋆❃]
✹ ▼✐♥✐♠❛❧ ❝❛❧❧✲❜②✲♥❡❡❞ ✐♥ ◆❛t✉r❛❧ ❉❡❞✉❝t✐♦♥ ✭λneed✮
❲❡ ♥♦✇ ♣r❡s❡♥t ❛ ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥ ❝♦✉♥t❡r♣❛rt t♦ λmlv ✳
✽
❉❡✜♥✐t✐♦♥ ✸✳ ❚❤❡ s②♥t❛① ♦❢ λneed ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
t❡r♠ M ::= V |Mnv
✈❛❧✉❡ V ::= x | λx.M
❝♦♠♣✉t❛t✐♦♥ Mnv ::= MM | let x = M in N
❛♣♣❧✐❝❛t✐✈❡ ❝♦♥t❡①t Cap ::=  | CapM
♥❡❡❞❡❞ ❝♦♥t❡①t C ::= Cap | let x = Mnv in C | let x = CapM in C[x]
❘❡❞✉❝t✐♦♥ ✐♥ λneed ✱ ✇r✐tt❡♥ ❛s →need ✱ ✐s t❤❡ ❝♦♠♣❛t✐❜❧❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
r✉❧❡s✿
(β) (λx.N)M → let x = M in N
(lift) (let x = M in P )N → let x = M in PN
(deref v) let x = V in M →M [x← V ]
(assoc) let z = (let x = M in N) in C[z]→ let x = M in let z = N in C[z]
❚❤❡ r❡❧❛t✐♦♥ → need ❞❡♥♦t❡s t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ →need ✳
❚❤❡ ♥♦t✐♦♥ ♦❢ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s✿
M →β,lift N
Cβl[M ] 7→need Cβl[N ]
M →deref v,assoc N
Cda [M ] 7→need Cda [N ]
✇❤❡r❡
Cβl ::= Cap | let x = Mnv in Cβl | let x = Cap in C[x]
Cda ::=  | let x = Mnv in Cda
❚❤❡ ♥♦t❛t✐♦♥ 7→ need st❛♥❞s ❢♦r t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ 7→need ✳
❆ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠ ✭✇❤♥❢✮ ✐s ❛ t❡r♠ M s✉❝❤ t❤❛t ❢♦r ♥♦ N ✱ M 7→need N ✳
❯♥❧✐❦❡ t❤❡ ❝❛❧❝✉❧✐ ❞❡✜♥❡❞ ❜② ▼❛r❛✐st ❡t ❛❧✳ ❬✷✻❪ ❛♥❞ ❆r✐♦❧❛ ❡t ❛❧✳ ❬✸❪✱ t❤❡
deref v r✉❧❡ ❢♦❧❧♦✇s t❤❡ ❝❛❧❧✲❜②✲✈❛❧✉❡ ❞✐s❝✐♣❧✐♥❡ s✐♥❝❡ ✐t s✉❜st✐t✉t❡s ❛ ✈❛❧✉❡ ❢♦r
❡❛❝❤ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ ❜♦✉♥❞ ✈❛r✐❛❜❧❡✱ ❡✈❡♥ ✐❢ t❤❡ ✈❛r✐❛❜❧❡ ✐s ♥♦t ♥❡❡❞❡❞✳ ❚❤❡
r✉❧❡ ✐s ❞❡r✐✈❛❜❧❡ ✐♥ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ▼❛r❛✐st ❡t ❛❧✳ ✉s✐♥❣ ❣❛r❜❛❣❡ ❝♦❧❧❡❝t✐♦♥✳ ❚❤❡
assoc r✉❧❡ ✐s ♠♦r❡ ❝♦♥str❛✐♥❡❞ t❤❛♥ ✐♥ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ▼❛r❛✐st ❡t ❛❧✳ s✐♥❝❡ ✐t
♣❡r❢♦r♠s t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ t❤❡ ❜✐♥❞✐♥❣s ♦♥ ❛ ❞❡♠❛♥❞ ❜❛s✐s✳ ❚❤❡ assoc r❡q✉✐r❡s
t❤❡ ✈❛r✐❛❜❧❡ t♦ ❛♣♣❡❛r ✐♥ t❤❡ ❤♦❧❡ ♦❢ ❛ ❝♦♥t❡①t C✱ ✇❤♦s❡ ❞❡✜♥✐t✐♦♥ ❞♦❡s ♥♦t
❛❧❧♦✇ ❛ ❤♦❧❡ t♦ ❜❡ ❜♦✉♥❞ t♦ ❛ ❧❡t ✈❛r✐❛❜❧❡✳ ❋♦r ❡①❛♠♣❧❡✱ let x =  in x ❛♥❞
let x =  in let y = x in y ❛r❡ ♥♦t C ❝♦♥t❡①ts✳ ❚❤✐s r❡str✐❝t✐♦♥ ✐s ♥❡❝❡ss❛r② t♦
♠❛❦❡ s✉r❡ t❤❛t ✐♥ ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠
let x = (let z = N in P ) in let y = x in y
t❤❡ st❛♥❞❛r❞ r❡❞❡① ✐s t❤❡ s✉❜st✐t✉t✐♦♥ ❢♦r y ❛♥❞ ♥♦t t❤❡ assoc r❡❞❡①✳ ❚❤❡ assoc
r✉❧❡ ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ ✐♥ ❬✸❪✱ s✐♥❝❡ ✐t ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ❜✐♥❞✐♥❣ ❢♦r z t♦
❜❡ ❛♥ ❛♥s✇❡r ✭✐✳❡✳✱ ❛♥ ❛❜str❛❝t✐♦♥ s✉rr♦✉♥❞❡❞ ❜② ❜✐♥❞✐♥❣s✮✳ ❚❤❡ lift r✉❧❡ ✐s t❤❡
s❛♠❡ ❛s ✐♥ ❬✷✻❪✱ ✐t ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r✉❧❡ ✐♥ ❬✸❪ s✐♥❝❡ t❤❡
❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ♥♦t r❡str✐❝t❡❞ t♦ ❜❡ ❛♥ ❛♥s✇❡r✳ ❚❤❡ ❝❛❧❝✉❧✐ ✐♥
❬✷✻❪ ❛♥❞ ❬✸❪ s❤❛r❡ t❤❡ s❛♠❡ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ t❡r♠s✿
(let y = M in (λx.x)y)P let y = (let z = N in (λx.x)y) in y
✾
(λx.x)y ✐s t❤❡ st❛♥❞❛r❞ r❡❞❡①✳ ❖✉r st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ❞✐✛❡rs✳ ❚❤❡ ❛❜♦✈❡ t❡r♠s
❝♦rr❡s♣♦♥❞ t♦ ❛ lift ❛♥❞ assoc r❡❞❡①✱ r❡s♣❡❝t✐✈❡❧②✳ ▼♦r❡♦✈❡r✱ ♦✉r st❛♥❞❛r❞ r❡❞✉❝✲
t✐♦♥ ✐s ❛❧s♦ ❞❡✜♥❡❞ ❢♦r ♦♣❡♥ t❡r♠s✳ ❚❤✉s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠s✿
(let y = xz in y)P let y = (let z = xP in z) in y
✐♥st❡❛❞ ♦❢ ❜❡✐♥❣ ♦❢ t❤❡ ❢♦r♠ C[x]✱ r❡❞✉❝❡ ❢✉rt❤❡r✳ ❚❤❡ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ r❡q✉✐r❡s
❞✐✛❡r❡♥t ❝❧♦s✉r❡ ♦♣❡r❛t✐♦♥s t♦ ❛✈♦✐❞ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ r❡❞✉❝t✐♦♥s✳ ■♥
let z = (let x = V in N) in z let y = (let z = (let x = M in N) in P ) in y
t❤❡ st❛♥❞❛r❞ r❡❞❡① ✐s t❤❡ ✭♦✉t❡r♠♦st✮ assoc✱ ❛♥❞ ✐♥ let x = II in let y = x in y✱
t❤❡ deref v ✐s t❤❡ st❛♥❞❛r❞ r❡❞❡①✳
Pr♦♣♦s✐t✐♦♥ ✻ ✭❈♦♥✢✉❡♥❝❡✮✳ →need ✐s ❝♦♥✢✉❡♥t✳
❚❤✐s ✐s ❜❡❝❛✉s❡ ❛❧❧ ❝r✐t✐❝❛❧ ♣❛✐rs ❝♦♥✈❡r❣❡✳
Pr♦♣♦s✐t✐♦♥ ✼ ✭❯♥✐q✉❡ ❉❡❝♦♠♣♦s✐t✐♦♥✮✳ ❆ t❡r♠ M ✐s ❡✐t❤❡r ❛ ✇❤♥❢ ♦r
t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ Cβl s✉❝❤ t❤❛t M ✐s ♦❢ t❤❡ ❢♦r♠ Cβl[P ]✱ ✇❤❡r❡ P ✐s ❛ β ♦r
lift r❡❞❡①✱ ♦r t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ Cda s✉❝❤ t❤❛t M ✐s ♦❢ t❤❡ ❢♦r♠ Cda [P ]✱ ✇❤❡r❡
P ✐s ❛ deref v ♦r assoc r❡❞❡①✳
❚❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ❡ss❡♥t✐❛❧❧② r❡❧✐❡s ♦♥ t❤❡ ❢❛❝ts t❤❛t C[x] ✐s ❛ ✇❤♥❢
❛♥❞ t❤❛t Cda ⊂ C ⊂ Cβl✳
Pr♦♣♦s✐t✐♦♥ ✽ ✭❙t❛♥❞❛r❞✐③❛t✐♦♥✮✳ ●✐✈❡♥ ❛ t❡r♠M ❛♥❞ ✇❤♥❢ N ✱ ✐❢M→ needN
t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✇❤♥❢ N ′ s✉❝❤ t❤❛t M 7→ need N
′ ❛♥❞ N ′→ needN ✳
❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t x ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✈❛r✐❛❜❧❡s✳ Mx ✐s ❞❡✜♥❡❞ ❛s✿
Mx ::= λx.N | let y = Nnv in Myx
| zN1· · ·Nn | let y = zNN1· · ·Nn in C[y] z 6∈ x
Pr♦♣♦s✐t✐♦♥ ✾✳ ❆ t❡r♠ M ✐s ✐♥ ✇❤♥❢ ✐✛ ✐t ✐s ✐♥ Mǫ ✭✇✐t❤ ǫ t❤❡ ❡♠♣t② s❡q✉❡♥❝❡✮✳
✹✳✶ ❙♦✉♥❞♥❡ss ❛♥❞ ❝♦♠♣❧❡t❡♥❡ss ♦❢ λneed
❖✉r ❝❛❧❝✉❧✉s ✐s s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ❢♦r ❡✈❛❧✉❛t✐♦♥ t♦ ❛♥ ❛♥s✇❡r ✭✐✳❡✳✱ ❛♥ ❛❜str❛❝✲
t✐♦♥ ♦r ❛ ❧❡t ❡①♣r❡ss✐♦♥ ✇❤♦s❡ ❜♦❞② ✐s ❛♥ ❛♥s✇❡r✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛♥❞❛r❞
r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝❛❧❧✲❜②✲♥❡❡❞ ❝❛❧❝✉❧✐ ❞❡✜♥❡❞ ✐♥ ❬✷✻❪ ❛♥❞ ❬✸❪✱ ❞❡♥♦t❡❞ ❜② 7→ afmow✳
Pr♦♣♦s✐t✐♦♥ ✶✵✳ ▲❡t M ❜❡ ❛ t❡r♠ ❛♥❞ A ❜❡ ❛♥ ❛♥s✇❡r✳
✕ ■❢ M 7→ need A t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❛♥s✇❡r A
′ s✉❝❤ t❤❛t M 7→ afmow A
′❀
✕ ■❢ M 7→ afmow A t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❛♥s✇❡r A
′ s✉❝❤ t❤❛t M 7→ need A
′✳
■♥❞❡❡❞✱ t❤❡ ❞✐s❝✉ss✐♦♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s❡❝t✐♦♥ ❡✈✐❞❡♥❝❡s t❤❛t→need ✐s
❝♦♥t❛✐♥❡❞ ✐♥ →mow ❛♥❞ ❝♦♥t❛✐♥s →af ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t
st❛♥❞❛r❞ r❡❞✉❝t✐♦♥s ♦❢ →mow ❛♥❞ →af ❝♦✐♥❝✐❞❡✳
✶✵
✺ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ λmlv ❛♥❞ λneed
❚❤❡ ❝❛❧❝✉❧✐ λmlv ❛♥❞ λneed ❛r❡ ✐♥ r❡❞✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣
tr❛♥s❧❛t✐♦♥s ❢r♦♠ λneed t♦ λmlv ❛♥❞ ✈✐❝❡✲✈❡rs❛✿
❉❡✜♥✐t✐♦♥ ✺✳ ●✐✈❡♥ ❛ t❡r♠ M ✐♥ λneed ✱ ❛ t❡r♠ v✱ ❛ ❝♦♥t❡①t e ❛♥❞ ❛ ❝♦♠♠❛♥❞
c ✐♥ λmlv ✱ tr❛♥s❧❛t✐♦♥s M
⊲✱ M⊲e ✱ v
⊳✱ e⊳ ❛♥❞ c⊳ ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
x⊲ = x
(λx.M)
⊲
= λx.M⊲
(MN)
⊲
= µ⋆.(MN)
⊲
⋆
(let x = M in N)
⊲
= µ⋆.(let x = M in N)
⊲
⋆
(MN)
⊲
e = M
⊲
N⊲·e
(let x = M in N)
⊲
e =
{
M⊲µ˜x.N⊲
e
N ≡ C[x]
❁M⊲||µ˜x.N⊲e ❃ ♦t❤❡r✇✐s❡
V ⊲e = ❁V
⊲||e❃
❁v||e❃
⊳
= e⊳[v⊳]
x⊳ = x
(λx.v)
⊳
= λx.v⊳
(µ⋆.c)
⊳
= c⊳
⋆⊳ = 
(v · E)
⊳
= E⊳[v⊳]
(µ˜x.c)
⊳
= let x =  in c⊳
❲❡ ✜rst ✐❧❧✉str❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦♥ ❛♥ ❡①❛♠♣❧❡✳
❊①❛♠♣❧❡ ✸ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ λneed r❡❞✉❝t✐♦♥✱ ✇❤❡r❡ I st❛♥❞s ❢♦r λy.y ❛♥❞
M ❢♦r (λf.fI(fI))((λz.λw.zw)(II))✿
M →β let
f = (λz.λw.zw)(II)
in fI(fI)
→β let
f = let
z = II
in λw.zw
in fI(fI)
→assoc let
z = II
in let
f = λw.zw
in fI(fI)
❲❡ ❤❛✈❡ M⊲⋆ = ❁λf.µ⋆.❁f ||I · (fI)
⊲
· ⋆❃||µ⋆.❁λz.λw.(zw)
⊲
||(II)
⊲
· ⋆❃ · ⋆❃✳ ❚❤❡ ✜rst
β st❡♣ ✐s s✐♠✉❧❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ λmlv r❡❞✉❝t✐♦♥✱ ✇❤❡r❡ ✇❡ ✉♥❞❡r❧✐♥❡ t❤❡ r❡❞❡①
t♦ ❜❡ ❝♦♥tr❛❝t❡❞ ✉♥❧❡ss ✐t ♦❝❝✉rs ❛t t❤❡ t♦♣✿
❁λf.µ⋆.❁f ||I · (fI)
⊲
· ⋆❃||µ⋆.❁λz.λw.(zw)
⊲
||(II)
⊲
· ⋆❃ · ⋆❃ →β
❁µ⋆.❁λz.λw.(zw)
⊲
||(II)
⊲
· ⋆❃||µ˜f.❁µ⋆.❁f ||I · (fI)
⊲
· ⋆❃||⋆❃❃ →µl
❁µ⋆.❁λz.λw.(zw)
⊲
||(II)
⊲
· ⋆❃||µ˜f.❁f ||I · (fI)
⊲
· ⋆❃❃ →µl
❁λz.λw.(zw)
⊲
||(II)
⊲
· µ˜f.❁f ||I · (fI)
⊲
· ⋆❃❃
❚❤❡ s❡❝♦♥❞ µl st❡♣ ❝♦rr❡s♣♦♥❞s t♦ ♠♦✈✐♥❣ t❤❡ r❡❞❡① ✐♥ t❤❡ ❝♦♥t❡①t let f =
 in C[f ] ❛t t❤❡ t♦♣✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ β st❡♣ ❧❡❛❞s t♦✿
❁(II)
⊲
||µ˜z.❁λw.(zw)
⊲
||µ˜f.❁f ||I · (fI)
⊲
· ⋆❃❃❃
❚❤❡ assoc ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐❞❡♥t✐t② ✐♥ λmlv ✳
◆♦t✐❝❡ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦♥ t❤❡ assoc r✉❧❡ ✐s ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ s❡q✉❡♥t
❝❛❧❝✉❧✉s✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ♥♦♥ r❡str✐❝t❡❞ assoc ✇♦✉❧❞ r❡q✉✐r❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥
♦❢ t❤❡ µl r✉❧❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥✿
let x = (let y = II in y) in 0→ let y = II in let x = y in 0
✶✶
✇♦✉❧❞ r❡q✉✐r❡ ❡q✉❛t✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠s✿
❁µ⋆.❁I||I · µ˜y.❁y||⋆❃❃||µ˜x.❁0||⋆❃❃ = ❁µ⋆.❁I||I · ⋆❃||µ˜y.❁y||µ˜x.❁0||⋆❃❃❃
❍♦✇❡✈❡r✱ t❤♦s❡ s❤♦✉❧❞ ♥♦t ❜❡ ❡q✉❛t❡❞ t♦ ❁I||I · µ˜y.❁y||µ˜x.❁0||⋆❃❃❃✳ ❚❤❛t ✇♦✉❧❞
❝♦rr❡s♣♦♥❞ t♦ r❡❧❛①✐♥❣ t❤❡ r❡str✐❝t✐♦♥ ♦❢ El ✐♥ t❤❡ µl r✉❧❡✱ ❛♥❞ ❤❛s t❤❡ ♣r♦❜❧❡♠
♦❢ ❜r✐♥❣✐♥❣ t❤❡ r❡❞❡① II t♦ t❤❡ t♦♣ ❛♥❞ t❤✉s ❜❡❝♦♠✐♥❣ t❤❡ st❛♥❞❛r❞ r❡❞❡①✳
Pr♦♣♦s✐t✐♦♥ ✶✶ ✭❙✐♠✉❧❛t✐♦♥✮✳ ❈❛❧❧✲❜②✲♥❡❡❞ r❡❞✉❝t✐♦♥ ✐♥ ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥
❛♥❞ s❡q✉❡♥t ❝❛❧❝✉❧✉s ❢♦r♠ ❛r❡ ✐♥ r❡❞✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞❡♥❝❡✿
✭✐✮ M→ needM
⊲⊳
✭✐✐✮ c→mlvc
⊳⊲
✭✐✐✐✮ ■❢ M →need N t❤❡♥ M
⊲→mlvN
⊲
✭✐✈✮ ■❢ c→mlv c
′ t❤❡♥ c⊳→ needc
′⊳
❘❡♠❛r❦ ✹ ◆♦t❡ t❤❛t t❤❡ tr❛♥s❧❛t✐♦♥ (❴)⊲e ♦❢ ❛ ❧❡t ❡①♣r❡ss✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡
❜♦✉♥❞ ✈❛r✐❛❜❧❡ ❜❡✐♥❣ ♥❡❡❞❡❞ ♦r ♥♦t✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ♦♣t✐♠✐③❡❞ tr❛♥s❧❛t✐♦♥
✇❛s r❡q✉✐r❡❞ t♦ ♣r❡s❡r✈❡ r❡❞✉❝t✐♦♥✳ ■♥❞❡❡❞✱ ♦t❤❡r✇✐s❡✱ t♦ s✐♠✉❧❛t❡ t❤❡ assoc
r❡❞✉❝t✐♦♥ ♦♥❡ ✇♦✉❧❞ ♥❡❡❞ ❛♥ ❡①♣❛♥s✐♦♥ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❛ r❡❞✉❝t✐♦♥✳
✻ ❈❧❛ss✐❝❛❧ ❝❛❧❧✲❜②✲♥❡❡❞ ✐♥ s❡q✉❡♥t ❝❛❧❝✉❧✉s ✭λlv✮ ❛♥❞
♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥ ❢♦r♠ ✭λµneed✮
❉❡✜♥✐♥❣ s❡q✉❡♥t ❝❛❧❝✉❧✉s ❝❧❛ss✐❝❛❧ ❝❛❧❧✲❜②✲♥❡❡❞✱ ❝❛❧❧❡❞ λlv ✱ r❡q✉✐r❡s ❡①t❡♥❞✐♥❣
t❤❡ ❛♣♣❧✐❝❛t✐✈❡ ❝♦♥t❡①t ❛♥❞ t❤❡ µ ❝♦♥str✉❝t t♦ ✐♥❝❧✉❞❡ ❛ ❣❡♥❡r✐❝ ❝♦♥t✐♥✉❛t✐♦♥
✈❛r✐❛❜❧❡✸✳ ❚❤❡ s②♥t❛① ♦❢ λlv ❜❡❝♦♠❡s✿
c ::= ❁v||e❃
v ::= x | λx.v | µα.c
e ::= E | µ˜x.c
E ::= F | µ˜x.C[❁x||F ❃]
F ::= α | v · E
C ::=  | ❁µα.c||µ˜z.C❃
❘❡❞✉❝t✐♦♥✱ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ✭✇r✐tt❡♥ ❛s →lv ❛♥❞ 7→lv ✱ r❡s♣❡❝✲
t✐✈❡❧②✮ ❛♥❞ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠ ✭✇❤♥❢✮ ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ t❤❡ ♠✐♥✐♠❛❧ ❝❛s❡
❜② r❡♣❧❛❝✐♥❣ ⋆ ✇✐t❤ ❛♥② ❝♦♥t❡①t ✈❛r✐❛❜❧❡ α✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠
❁µα.❁x||β❃||µ˜x.❁y||y · δ❃❃ ✐s ✐♥ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠✳
❯♥✐q✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❝♦♥✢✉❡♥❝❡ ❛♥❞ st❛♥❞❛r❞✐③❛t✐♦♥ ❡①t❡♥❞ t♦ t❤❡ ❝❧❛ss✐✲
❝❛❧ ❝❛s❡✳ ❖♥❝❡ ❝♦♥tr♦❧ ✐s ❛❞❞❡❞ t♦ t❤❡ ❝❛❧❝✉❧✉s✱ ❝❛❧❧✲❜②✲♥❡❡❞ ❛♥❞ ❝❛❧❧✲❜②✲♥❛♠❡
❛r❡ ♦❜s❡r✈❛t✐♦♥❛❧❧② ❞✐st✐♥❣✉✐s❤❛❜❧❡✱ ❛s ✇✐t♥❡ss❡❞ ❜② t❤❡ ❡①❛♠♣❧❡ ❣✐✈❡♥ ✐♥ t❤❡
♥❡①t s❡❝t✐♦♥✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❜✐♥❞✐♥❣s ❛r❡ ♥♦t ♣❛rt ♦❢ t❤❡ ❝❛♣✲
t✉r❡❞ ❝♦♥t❡①t✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠❛♥❞✱ t❤❡ r❡❞❡① II ✇r✐tt❡♥ ❛s
µα.❁λx.x||(λx.x) · α❃ ✇✐❧❧ ❜❡ ❡①❡❝✉t❡❞ ♦♥❧② ♦♥❝❡✳ ❲❤❡r❡❛s✱ ✐❢ t❤❡ ❜✐♥❞✐♥❣s ✇❡r❡
♣❛rt ♦❢ t❤❡ ❝❛♣t✉r❡❞ ❝♦♥t❡①t t❤❡♥ t❤❛t ❝♦♠♣✉t❛t✐♦♥ ✇♦✉❧❞ ♦❝❝✉r t✇✐❝❡✳
❁II||µ˜z.❁µα.❁λx.µβ.❁z||(µδ.❁λx.x||α❃) · β❃||α❃||µ˜f.❁f ||z · γ❃❃❃❃❃
✸ ❚♦ r❡❞✉❝❡ ❝❧♦s❡❞ ❝♦♠♠❛♥❞s ♦♥❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❛ ❝♦♥st❛♥t ♥❛♠❡❞ tp ❛s ✐♥ ❬✺❪✱ ♦r ♦♥❡
❝❛♥ ❡♥❝♦❞❡ t❤❡ t♦♣✲❧❡✈❡❧ ✉s✐♥❣ s✉❜tr❛❝t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✼✮✳
✶✷
❯♥❧✐❦❡ t❤❡ s❡q✉❡♥t ❝❛❧❝✉❧✉s s❡tt✐♥❣✱ t♦ ❡①t❡♥❞ ♠✐♥✐♠❛❧ ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥ t♦
t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t✇♦ ♥❡✇ ❝♦♥str✉❝ts✿ t❤❡ ❝❛♣t✉r❡ ♦❢ ❛
❝♦♥t✐♥✉❛t✐♦♥ ❛♥❞ t❤❡ ✐♥✈♦❝❛t✐♦♥ ♦❢ ✐t✱ ✇r✐tt❡♥ ❛s µα.J ❛♥❞ [α]M ✱ ✇❤❡r❡ J st❛♥❞s
❢♦r ❛ ❥✉♠♣ ✭✐✳❡✳✱ ❛♥ ✐♥✈♦❝❛t✐♦♥ ♦❢ ❛ ❝♦♥t✐♥✉❛t✐♦♥✮✳ ❚❤❡ r❡❞✉❝t✐♦♥ s❡♠❛♥t✐❝s ♠❛❦❡s
✉s❡ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ str✉❝t✉r❛❧ s✉❜st✐t✉t✐♦♥✱ ✇❤✐❝❤ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✵❪ ❛♥❞
✐s ✇r✐tt❡♥ ❛s J [α← [α]F ] ✐♥❞✐❝❛t✐♥❣ t❤❛t ❡❛❝❤ ♦❝❝✉rr❡♥❝❡ ♦❢ [α]M ✐♥ J ✐s r❡♣❧❛❝❡❞
❜② [α]F [M ]✱ ✇❤❡r❡ F ✐s t❤❡ ❝♦♥t❡①t ❝❛♣t✉r❡❞ ❜② ❛ ❝♦♥t✐♥✉❛t✐♦♥ ✇❤✐❝❤ ✐s ❡✐t❤❡r
M ♦r let x =  in C[x]✳ ❚❤❡ ❜❡♥❡✜ts ♦❢ str✉❝t✉r❛❧ s✉❜st✐t✉t✐♦♥ ❛r❡ ❞✐s❝✉ss❡❞
✐♥ ❬✹❪✳ ■♥ ❛❞❞✐t✐♦♥ t♦ lift ✱ assoc✱ deref v ❛♥❞ β✱ t❤❡ r❡❞✉❝t✐♦♥ t❤❡♦r② ✐♥❝❧✉❞❡s t❤❡
❢♦❧❧♦✇✐♥❣ r❡❞✉❝t✐♦♥ r✉❧❡s✿
(µap) (µα.J)M → µα.J [α← [α](M)]
(µlet) let x = µα.J in C[x] → µα.J [α← [α](let x =  in C[x])]
(µlift) let x = Mnv in µα.[β]N → µα.[β](let x = Mnv in N)
(µbase) [β]µα.J → J [α← β]
❚❤❡ r❡❧❛t✐♦♥ →µneed ❞❡♥♦t❡s t❤❡ ❝♦♠♣❛t✐❜❧❡ ❝❧♦s✉r❡ ♦❢ →✱ ❛♥❞ → µneed ❞❡♥♦t❡s
t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ →µneed ✳ ❚❤❡ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥
✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
M →β,lift,µap N
[α]Cβl[M ] 7→µneed [α]Cβl[N ]
M →deref v,assoc,µlet ,µlift N
[α]Cda [M ] 7→µneed [α]Cda [N ]
J →µbase J
′
J 7→µneed J
′
❚❤❡ ♥♦t❛t✐♦♥ 7→ µneed st❛♥❞s ❢♦r t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ 7→µneed ✳
◆♦t❡ t❤❛t ✇❡ ♦♥❧② r❡❞✉❝❡ ❥✉♠♣s✳ ❆ ❥✉♠♣ J ✐s ✐♥ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠ ✐❢ ❢♦r
♥♦ J ′, J 7→µneed J
′✳ ❆ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠ ✭✇❤♥❢✮ ✐s ❛ t❡r♠ M s✉❝❤ t❤❛t✱
❡✐t❤❡r M ✐s µα.J ✇✐t❤ J ✐♥ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠ ♦r✱ ❢♦r ♥♦ J, [α]M 7→µneed J ✳
❋♦r ❡①❛♠♣❧❡✱ let x = µα.[β]P in yx ✐s ✐♥ ✇❤♥❢✳
Pr♦♣♦s✐t✐♦♥ ✶✷ ✭❈♦♥✢✉❡♥❝❡✮✳ →µneed ✐s ❝♦♥✢✉❡♥t✳
Pr♦♣♦s✐t✐♦♥ ✶✸ ✭❙t❛♥❞❛r❞✐③❛t✐♦♥✮✳ ●✐✈❡♥ ❛ t❡r♠M ❛♥❞ ✇❤♥❢ N ✱ ✐❢M→ µneedN
t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✇❤♥❢ N ′ s✉❝❤ t❤❛t M 7→ µneed N
′ ❛♥❞ N ′→ µneedN ✳
❚❤❡ tr❛♥s❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝❧❛ss✐❝❛❧ ❝❛❧❧✲❜②✲♥❡❡❞ ✐♥ ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥ ❛♥❞ s❡✲
q✉❡♥t ❝❛❧❝✉❧✉s ❢♦r♠ ✐s ♠♦❞✐✜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② t♦ ❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ ❝♦♥✲
str✉❝ts✿
(µα.J)
⊲
= µα.J⊲ ([α]M)
⊲
= M⊲α
αα = α Fα = 
αv·E = αE Fv·E = FE [v
⊳]
α
µ˜x.❁v||e❃ = αe Fµ˜x.❁v||e❃ = let x =  in Fe[v
⊳]
(µα.c)
⊳
= µα.c⊳ e⊳ = [αe]Fe
Pr♦♣♦s✐t✐♦♥ ✶✹ ✭❊q✉❛t✐♦♥❛❧ ❝♦rr❡s♣♦♥❞❡♥❝❡✮✳ ❈❧❛ss✐❝❛❧ ❝❛❧❧✲❜②✲♥❡❡❞ ✐♥ ♥❛t✲
✉r❛❧ ❞❡❞✉❝t✐♦♥ ❛♥❞ s❡q✉❡♥t ❝❛❧❝✉❧✉s ❢♦r♠ ❛r❡ ✐♥ ❡q✉❛t✐♦♥❛❧ ❝♦rr❡s♣♦♥❞❡♥❝❡✿
✭✐✮ M =µneed M
⊲⊳
✭✐✐✮ c =lv c
⊳⊲
✭✐✐✐✮ ■❢ M =µneed N t❤❡♥ M
⊲ =lv N
⊲
✭✐✈✮ ■❢ c =lv c
′ t❤❡♥ c⊳ =µneed c
′⊳
✶✸
◆♦t✐❝❡ t❤❛t t❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r ❤❛✈✐♥❣ ♦♥❧② ❡q✉❛t✐♦♥❛❧ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐♥✲
st❡❛❞ ♦❢ ❛ ♠♦r❡ ♣r❡❝✐s❡ r❡❞✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s t❤❡ ❢❛❝t t❤❛t✱ ✐♥ λµneed✱ µap
❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❛t♦♠✐❝❛❧❧② (µα.J)N1 . . . Nn →µap (µα.J [α ← [α]N1])N2 . . . Nn
✇❤✐❧❡ ✐♥ λlv t❤❡ ✇❤♦❧❡ ❛♣♣❧✐❝❛t✐✈❡ ❝♦♥t❡①t N1 . . . Nn ✐s ♠♦✈❡❞ ❛t ♦♥❝❡✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿ ✐❢ c→lv c′ t❤❡♥ c⊳→ µneed c
′⊳✳
✼ ❉✉❛❧ ❝❧❛ss✐❝❛❧ ❝❛❧❧✲❜②✲♥❡❡❞ ✐♥ s❡q✉❡♥t ❝❛❧❝✉❧✉s
❢♦r♠ ✭λln✮
■♥ ❝❛❧❧✲❜②✲♥❡❡❞✱ t❤❡ ❢♦❝✉s ✐s ♦♥ t❤❡ ❝♦♥s✉♠❡r ❛♥❞ ❣♦❡s t♦ t❤❡ ♣r♦❞✉❝❡r ♦♥ ❛ ♥❡❡❞
❜❛s✐s✳ ❚❤✐s s✉❣❣❡sts ❛ ❞✉❛❧ ❝❛❧❧✲❜②✲♥❡❡❞ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❢♦❝✉s✐♥❣ ♦♥ t❤❡
♣r♦❞✉❝❡r ❛♥❞ ❣♦✐♥❣ t♦ t❤❡ ❝♦♥s✉♠❡r ♦♥ ❛ ♥❡❡❞ ❜❛s✐s✳ ❚♦ t❤❛t ❡♥❞✱ ✇❡ ✜rst ❡①t❡♥❞
t❤❡ ❝❧❛ss✐❝❛❧ ❝❛❧❧✲❜②✲♥❡❡❞ ❝❛❧❝✉❧✉s ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ λlv ✱ ✇✐t❤ t❤❡ ❞✉❛❧ ♦❢
t❤❡ ✐♠♣❧✐❝❛t✐♦♥✱ t❤❡ s✉❜tr❛❝t✐♦♥ ❝♦♥♥❡❝t✐✈❡✱ ❛♥❞ t❤❡♥ ❜✉✐❧❞ t❤❡ ❞✉❛❧ ❝❧❛ss✐❝❛❧
❝❛❧❧✲❜②✲♥❡❡❞ ❝❛❧❝✉❧✉s ❜② ✉s✐♥❣ ❞✉❛❧✐t② ❝♦♥str✉❝t✐♦♥s t②♣✐❝❛❧ ❢r♦♠ λµµ˜✲❝❛❧❝✉❧✐✳
❲❤✐❧❡ µ ❛♥❞ µ˜ ❝♦♥str✉❝ts ❛r❡ ❞✉❛❧ ♦❢ ❡❛❝❤ ♦t❤❡r✱ ✐♠♣❧✐❝❛t✐✈❡ ❝♦♥str✉❝t✐♦♥s
λx.t ❛♥❞ v ·E ❝✉rr❡♥t❧② ❤❛✈❡ ♥♦ ❞✉❛❧ ✐♥ λlv ✳ ❲❡ ❡①t❡♥❞ λlv ❜② ❛❞❞✐♥❣ ❝♦♥str✉❝✲
t✐♦♥s ❢♦r t❤❡ s✉❜tr❛❝t✐♦♥ ❝♦♥♥❡❝t✐✈❡ ❬✶✵❪✳ ❙✉❜tr❛❝t✐♦♥ ✇❛s ❛❧r❡❛❞② ❝♦♥s✐❞❡r❡❞ ✐♥
t❤❡ s❡tt✐♥❣ ♦❢ λµµ˜ ✐♥ ❈✉r✐❡♥ ❡t ❛❧✳ ❬✶✶❪✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♥♦t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜②
❍❡r❜❡❧✐♥ ✐♥ ❤✐s ❤❛❜✐❧✐t❛t✐♦♥ t❤❡s✐s ❬✷✸❪✳ ❚❡r♠s ❛r❡ ❡①t❡♥❞❡❞ ✇✐t❤ t❤❡ ❝♦♥str✉❝t✐♦♥
v − e ❛♥❞ ❝♦♥t❡①ts ✇✐t❤ λ˜α.e✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❞✉❝t✐♦♥ ✐s✿
(−) ❁v − e||λ˜α.e′❃ → ❁µα.❁v||e′❃||e❃
❲❡ ❝❛♥ ♥♦✇ ♣r❡s❡♥t t❤❡ ❝❧❛ss✐❝❛❧ ❝❛❧❧✲❜②✲♥❡❡❞ ❝❛❧❝✉❧✉s ❡①t❡♥❞❡❞ ✇✐t❤ s✉❜✲
tr❛❝t✐♦♥✱ λ
−
lv ✳ ❚❤❡ str✉❝t✉r❛❧ r✉❧❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ✐♥st❛♥t✐❛t✐♥❣ V ❛♥❞ E ❛s✿
V −v = x | λx.t | (V
−
v − e)
E−l = F
− | µ˜x.Cµ˜l [❁x||F
−❃] ✇✐t❤ F− = α | v · E−l | λ˜α.e
❚❤❡ s②♥t❛① ❢♦r t❤❡ ❧❛♥❣✉❛❣❡ ✇✐t❤ s✉❜tr❛❝t✐♦♥ ✐s ✜♥❛❧❧② ❛s ❢♦❧❧♦✇s ✭✇✐t❤ c = ❁v||e❃✮✿
❝♦♠♠❛♥❞ c ::= ❁t||e❃
t❡r♠ v ::= V | µα.c
❧✐♥❡❛r t❡r♠ V ::= x | λx.v | V − e
❝♦♥t❡①t e ::= E | µ˜x.c
②✐❡❧❞✐♥❣ ❝♦♥t❡①t E ::= F | µ˜x.C[❁x||F ❃]
❧✐♥❡❛r ❝♦♥t❡①t F ::= α | v · E | λ˜α.e
♠❡t❛✲❝♦♥t❡①t C ::=  | ❁µα.c||µ˜x.C❃
❯s✐♥❣ t❤❡ ❞✉❛❧✐t② ♣r✐♥❝✐♣❧❡s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✶❪✱ ✇❡ ♦❜t❛✐♥ λ
−
ln ❜② ❞✉❛❧✐③✐♥❣ λ
−
lv ✿
❚❤❡ s②♥t❛① ♦❢ t❤❡ ❝❛❧❝✉❧✉s ✐s ♦❜t❛✐♥❡❞ ❜② ❞✉❛❧✐③✐♥❣ λ
−
lv s②♥t❛① ❛♥❞ ✐ts r❡❞✉❝t✐♦♥s
❛r❡ ❛❧s♦ ♦❜t❛✐♥❡❞ ❜② ❞✉❛❧✐t②✿ (β) ❛♥❞ (−) ❛r❡ ❞✉❛❧ ♦❢ ❡❛❝❤ ♦t❤❡r ✇❤✐❧❡ µl ❛♥❞ µ˜v
❛r❡ r❡s♣❡❝t✐✈❡❧② t✉r♥❡❞ ✐♥t♦✿
✕ t❤❡ µ✲r❡❞✉❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s❡t E−n ::= α | v · E
−
n | λ˜α.e✱ ✇r✐tt❡♥ µn
✶✹
✕ t❤❡ µ˜✲r❡❞✉❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s❡t V −l ::= W | µα.C
µ
l [❁W ||α❃]✱ ✇✐t❤ W ::=
x | λx.t | V − e ✭❛♥❞ Cµl ❜❡✐♥❣ t❤❡ ❞✉❛❧ ♦❢ C
µ˜
l ✮✱ ✇r✐tt❡♥ µ˜l✳
❙✐♥❝❡ ♦♥❧② ❧✐♥❡❛r ❝♦♥t❡①ts ❛r❡ s✉❜st✐t✉t❡❞ ❢♦r ❝♦♥t❡①t ✈❛r✐❛❜❧❡s✱ ❛s ✐♥ ❝❛❧❧✲❜②✲
♥❛♠❡✱ ❜✉t ♦♥❧② ♦♥ ❛ ♥❡❡❞❡❞ ❜❛s✐s✱ ✇❡ ❝❛❧❧ t❤❡ r❡s✉❧t✐♥❣ ❝❛❧❝✉❧✉s ❧❛③② ❝❛❧❧✲❜②✲♥❛♠❡✳
■ts s②♥t❛① ✐s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿
❝♦♠♠❛♥❞ c ::= ❁t||e❃
t❡r♠ v ::= V | µα.c
②✐❡❧❞✐♥❣ t❡r♠ V ::= W | µα.C[❁W ||α❃]
❧✐♥❡❛r t❡r♠ W ::= x | λx.v | V − e
❝♦♥t❡①t e ::= E | µ˜x.c
❧✐♥❡❛r ❝♦♥t❡①t E ::= α | v · E | λ˜α.e
♠❡t❛✲❝♦♥t❡①t C ::=  | ❁µα.C||µ˜x.c❃
❚❤❡ ❢♦✉r t❤❡♦r✐❡s ❝❛♥ ❜❡ ❞✐s❝r✐♠✐♥❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠❛♥❞✿
c ≡ ❁µα.❁λx.µ❴.❁λy.x||α❃||α❃
||µ˜f.❁µβ.❁f ||t · β❃
||µ˜x1.❁µγ.❁f ||s · γ❃
||µ˜x2.❁x1||x2 · x2 · δ❃❃❃❃
❲❡ ❝❛❧❧ c1 t❤❡ ❝♦♠♠❛♥❞ ♦❜t❛✐♥❡❞ ❜② ✐♥st❛♥t✐❛t✐♥❣ t ❛♥❞ s t♦ λx.λy.x ❛♥❞
λx.λy.y✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ c1 ❡✈❛❧✉❛t❡s t♦ ❁λx.λy.x||δ❃ ✐♥ ❧❛③② ❝❛❧❧✲❜②✲✈❛❧✉❡
❛♥❞ t♦ ❁λx.λy.y||δ❃ ✐♥ ❝❛❧❧✲❜②✲♥❛♠❡✳ ❲❡ ❝❛❧❧ c2 t❤❡ ❝♦♠♠❛♥❞ ♦❜t❛✐♥❡❞ ❜② ✐♥✲
st❛♥t✐❛t✐♥❣ t ❛♥❞ s t♦ λf.λx.µα.❁f ||x · α❃ ❛♥❞ λx.x✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r c3 t♦ ❜❡
❁µγ.c2||µ˜w.c1❃✱ ✇❤❡r❡ w ❞♦❡s ♥♦t ♦❝❝✉r ❢r❡❡ ✐♥ c1 ❛♥❞ γ ❞♦❡s ♥♦ ♦❝❝✉r ❢r❡❡ ✐♥
c2✳ ■♥ ❝❛❧❧✲❜②✲♥❛♠❡ ❛♥❞ ❧❛③② ❝❛❧❧✲❜②✲✈❛❧✉❡✱ c3 ❡✈❛❧✉❛t❡s ❛s c1✱ ✉♣ t♦ ❣❛r❜❛❣❡ ❝♦❧✲
❧❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ c3 ❡✈❛❧✉❛t❡s t♦ ❁λf.λx.µα.❁f ||x · α❃||δ❃ ✐♥ ❝❛❧❧✲❜②✲✈❛❧✉❡✱ ❛♥❞ t♦
❁I||δ❃ ✐♥ ❧❛③② ❝❛❧❧✲❜②✲♥❛♠❡✱ ✉♣ t♦ ❣❛r❜❛❣❡ ❝♦❧❧❡❝t✐♦♥✳ ❚❤✐s ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ ❜②
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✱ ✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t α1 ❞♦❡s ♥♦t ♦❝❝✉r ❢r❡❡ ✐♥ c ❛♥❞ V ✱
❛♥❞ t❤❛t x1 ❞♦❡s ♥♦t ♦❝❝✉r ❢r❡❡ ✐♥ c′ ❛♥❞ E✳ ■❢ ✇❡ ❞❡✜♥❡
c0 , ❁µα1.❁µα2.❁V ||α2❃||µ˜y.c❃||µ˜x1.❁µβ.c
′||µ˜x2.❁x2||E❃❃❃
t❤❡♥ c0 → n c′[β ← E[x2 ← µβ.c′]]
c0 → v c[y ← V [α2 ← µ˜y.c]]
c0 → ln ❁µα1.c[y ← µα2.❁V ||α2❃]||µ˜x1.❁µβ.c
′||µ˜x2.❁x2||E❃❃❃
c0 → lv ❁µα1.❁µα2.❁V ||α2❃||µ˜y.c❃||µ˜x1.c
′[β ← µ˜x2.❁x2||E❃]❃
✽ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❋✉t✉r❡ ✇♦r❦
❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ st✉❞②✐♥❣ ❡✈❛❧✉❛t✐♦♥ ♦r❞❡r ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s❡q✉❡♥t ❝❛❧❝✉❧✉s
❤❛s s❤♦✇♥ ✐ts ❜❡♥❡✜ts✿ ❡①t❡♥❞✐♥❣ t❤❡ ❝❛❧❝✉❧✉s ✭❜♦t❤ s②♥t❛① ❛♥❞ r❡❞✉❝t✐♦♥ t❤❡✲
♦r②✮ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡ s✐♠♣❧② ❝♦rr❡s♣♦♥❞s t♦ ❣♦✐♥❣ ❢r♦♠ ♦♥❡ ❝♦♥t❡①t ✈❛r✐❛❜❧❡
t♦ ♠❛♥②✳ ❚❤❡ st✉❞② ❤❛s ❛❧s♦ s✉❣❣❡st❡❞ ❤♦✇ t♦ ♣r♦✈✐❞❡ ❛ ❝❛❧❧✲❜②✲♥❡❡❞ ✈❡rs✐♦♥
♦❢ P❛r✐❣♦t✬s λµ✲❝❛❧❝✉❧✉s✱ ❛♥❞ ✐♥ t❤❡ ♠✐♥✐♠❛❧ ❝❛s❡✱ ❤❛s ❧❡❞ t♦ ❛ ♥❡✇ ♥♦t✐♦♥ ♦❢
✶✺
st❛♥❞❛r❞ r❡❞✉❝t✐♦♥✱ ✇❤✐❝❤ ❛♣♣❧✐❡s t❤❡ lift ❛♥❞ assoc r✉❧❡ ❡❛❣❡r❧②✳ ■♥ t❤❡ ♠✐♥✐✲
♠❛❧ ❝❛s❡✱ t❤❡ s✐♥❣❧❡ ❝♦♥t❡①t ✈❛r✐❛❜❧❡✱ ❝❛❧❧❡❞ ⋆✱ ❝♦✉❧❞ ❜❡ s❡❡♥ ❛s t❤❡ ❝♦♥st❛♥t tp
❞✐s❝✉ss❡❞ ✐♥ ❬✻✱✺❪✳ ■♥ t❤❡ ❝✐t❡❞ ✇♦r❦✱ ✐t ✐s ❛❧s♦ ♣r❡s❡♥t❡❞ ❤♦✇ ❞❡❧✐♠✐t❡❞ ❝♦♥tr♦❧
❝❛♥ ❜❡ ❝❛♣t✉r❡❞ ❜② ❡①t❡♥❞✐♥❣ tp t♦ ❛ ❞②♥❛♠✐❝ ✈❛r✐❛❜❧❡ ♥❛♠❡❞ t̂♣✳ ❚❤✐s s✉❣❣❡sts
t❤❛t ♦♥❡ ❝♦✉❧❞ ✉s❡ t̂♣ ✐♥st❡❛❞ ♦❢ tp t♦ r❡♣r❡s❡♥t ❝♦♠♣✉t❛t✐♦♥s ❛❧s♦ ✐♥ t❤❡ ♠✐♥✲
✐♠❛❧ s❡tt✐♥❣✳ ❙✐♥❝❡ ❡✈❛❧✉❛t✐♦♥ ❣♦❡s ✉♥❞❡r ❛ t̂♣✱ ✐t ♠❡❛♥s t❤❛t ♦♥❡ ✇♦✉❧❞ ♦❜t❛✐♥
❛ ❞✐✛❡r❡♥t ♥♦t✐♦♥ ♦❢ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥✱ ✇❤✐❝❤ ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♦♥❡ ♦❢
❆r✐♦❧❛ ❡t ❛❧✳ ❬✸❪ ❛♥❞ ▼❛r❛✐st ❡t ❛❧✳ ❬✷✻❪✳
❆ ❜❡♥❡✜t ♦❢ s❡q✉❡♥t ❝❛❧❝✉❧✉s ♦✈❡r ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥ ✐♥ ❜♦t❤ ❝❛❧❧✲❜②✲♥❛♠❡
❛♥❞ ❝❛❧❧✲❜②✲✈❛❧✉❡ ✐s t❤❛t t❤❡ st❛♥❞❛r❞ r❡❞❡① ✐♥ t❤❡ s❡q✉❡♥t ❝❛❧❝✉❧✉s ❛❧✇❛②s ♦❝✲
❝✉rs ❛t t❤❡ t♦♣ ♦❢ t❤❡ ❝♦♠♠❛♥❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ♣❡r❢♦r♠ ❛♥
✉♥❜♦✉♥❞❡❞ s❡❛r❝❤ t♦ r❡❛❝❤ t❤❡ st❛♥❞❛r❞ r❡❞❡① ❬✷❪✿ t❤✐s s❡❛r❝❤ ✐s ❡♠❜❡❞❞❡❞ ✐♥
t❤❡ str✉❝t✉r❛❧ r❡❞✉❝t✐♦♥ r✉❧❡s✳ ❍♦✇❡✈❡r✱ t❤✐s ❞♦❡s ♥♦t ❛♣♣❧② t♦ ♦✉r ❝❛❧❧✲❜②✲♥❡❡❞
s❡q✉❡♥t ❝❛❧❝✉❧✉s✿ t❤❡ st❛♥❞❛r❞ r❡❞❡① ❝❛♥ ❜❡ ❜✉r✐❡❞ ✉♥❞❡r ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r
♦❢ ❜✐♥❞✐♥❣s✳ ❚❤✐s ❝❛♥ ❜❡ ❡❛s✐❧② s♦❧✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❝❛❧❝✉❧✉s ✇✐t❤ ❡①♣❧✐❝✐t s✉❜✲
st✐t✉t✐♦♥s✳ ❆ ❝♦♠♠❛♥❞ ♥♦✇ ❜❡❝♦♠❡s ❁v||e❃τ ✱ ✇❤❡r❡ τ ✐s ❛ ❧✐st ♦❢ ❞❡❝❧❛r❛t✐♦♥s✳
❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❝r✐t✐❝❛❧ ♣❛✐r ✇✐❧❧ ❜❡ s♦❧✈❡❞ ❛s✿ ❁µα.c||µ˜x.c′❃τ → c′[x = µα.c]τ
❛♥❞ t❤❡ s✇✐t❝❤✐♥❣ ♦❢ ❝♦♥t❡①t ✐s r❡❛❧✐③❡❞ ❜② t❤❡ r✉❧❡✿ ❁x||E❃τ0[x := µα.c]τ1 →
c[α := µ˜x.❁x||E❃τ0]τ1✳ ❚❤✐s ✇✐❧❧ ♥❛t✉r❛❧❧② ❧❡❛❞ ✉s t♦ ❞❡✈❡❧♦♣✐♥❣ ❛❜str❛❝t ♠❛✲
❝❤✐♥❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡s ♦❢ ●❛r❝✐❛ ❡t ❛❧✳ ❬✷✶❪
❛♥❞ ❉❛♥✈② ❡t ❛❧✳ ❬✶✹❪✱ ✐♥s♣✐r❡❞ ❜② ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥✳
❲❡ ❤❛✈❡ r❡❧❛t❡❞ t❤❡ ❧❛③② ❝❛❧❧✲❜②✲✈❛❧✉❡ ✇✐t❤ s✉❜tr❛❝t✐♦♥ t♦ ✐ts ❞✉❛❧✳ ❲❡ ♣❧❛♥
t♦ ♣r♦✈✐❞❡ ❛ s✐♠✉❧❛t✐♦♥ ♦❢ ❧❛③② ❝❛❧❧✲❜②✲✈❛❧✉❡ ✐♥ ❧❛③② ❝❛❧❧✲❜②✲♥❛♠❡ ❛♥❞ ✈✐❝❡✲✈❡rs❛✱
✇✐t❤♦✉t t❤❡ ✉s❡ ♦❢ s✉❜tr❛❝t✐♦♥✳ ❲❡ ❛r❡ ❛❧s♦ ✐♥t❡r❡st❡❞ ✐♥ ❞❡✈✐s✐♥❣ ❛ ❝♦♠♣❧❡t❡ s❡t
♦❢ ❛①✐♦♠s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝❧❛ss✐❝❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❛❧❧✲❜②✲♥❡❡❞ ❝♦♥t✐♥✉❛t✐♦♥✲
♣❛ss✐♥❣ st②❧❡ ♦❢ ❖❦❛s❛❦✐ ❡t ❛❧✳ ❬✷✾❪✳ ❆ ♥❛t✉r❛❧ ❞❡✈❡❧♦♣♠❡♥t ✇✐❧❧ t❤❡♥ ❜❡ t♦ ❡①t❡♥❞
♦✉r ❧❛③② ❝❛❧❧✲❜②✲✈❛❧✉❡ ❛♥❞ ❧❛③② ❝❛❧❧✲❜②✲♥❛♠❡ ✇✐t❤ ❞❡❧✐♠✐t❡❞ ❝♦♥tr♦❧✳ ❋♦❧❧♦✇✐♥❣
❛ s✉❣❣❡st✐♦♥ ❜② ❉❛♥✈②✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ ♦✉r ❧❛③② ❝❛❧❧✲
❜②✲♥❛♠❡ ❝❛❧❝✉❧✉s ❛♥❞ ❛ ❝❛❧❝✉❧✉s ✇✐t❤ ❢✉t✉r❡s ❬✷✽❪✳ ❆t ❧❛st✱ ✇❡ ✇❛♥t t♦ ❜❡tt❡r
✉♥❞❡rst❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❧♦❣✐❝ ♦r t②♣❡ s②st❡♠✳
❆❦♥♦✇❧❡❞❣❡♠❡♥ts✿ ❚❤❡ ❛✉t❤♦rs ✇✐s❤ t♦ t❤❛♥❦ ❖❧✐✈✐❡r ❉❛♥✈② ❛♥❞ t❤❡ ❛♥♦♥②♥✲
♠♦✉s r❡❢❡r❡❡s ❢♦r ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳ ❩❡♥❛ ▼✳ ❆r✐♦❧❛ ❤❛s ❜❡❡♥
s✉♣♣♦rt❡❞ ❜② ◆❙❋ ❣r❛♥t ❈❈❋✲✵✾✶✼✸✷✾✳ ❚❤✐s r❡s❡❛r❝❤ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✉♥❞❡r
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❝♦♥t✐♥✉❛t✐♦♥s✳ ❍✐❣❤❡r ❖r❞❡r ❙②♠❜♦❧✳ ❈♦♠♣✉t✳✱ ✷✷✿✷✸✸✕✷✼✸✱ ❙❡♣t❡♠❜❡r ✷✵✵✾✳
✼✳ ❍✳ ❇❛r❡♥❞r❡❣t ❛♥❞ ❙✳ ●❤✐❧❡③❛♥✳ ▲❛♠❜❞❛ t❡r♠s ❢♦r ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥✱ s❡q✉❡♥t
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